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Abstract

The aim of this study was to examine the abstraction process of tenth grade students' complex
number knowledge. A semi-structured interview was held with two students who were
successful at mathematics and who voluntarily participated in the study. In this interview, the
students faced three different research problems prepared by the researcher in order to reveal
the students' knowledge formation processes. The students studied these research problems
together. In the meantime, their cognitive processes related to recognizing, building-with, and
constructing of discourses was analysed. The analyses indicated that both of the students
recognized and built-with the preliminary knowledge necessary for them to construct the
knowledge of complex numbers. Moreover, it was understood that one of these students
recognized and build-with their previous knowledge of linear functions, coordinate systems,
and parallel displacement. In conclusion, it could be said that this student constructed the
knowledge of complex plane.
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1. Introduction

Mathematical concepts are very abstract concepts and, for this reason, students have
difficulty constructing and making permanent these concepts in their minds. Moreover,
giving knowledge directly to students having difficulty comprehending something
structurally abstract does not lead them to build but memorize that piece of knowledge.
Thanks to abstraction, that is to say knowledge formation, knowledge is formed in the
student's mind and learning automatically takes place. Mathematical abstraction provides
opportunities for the construction of mathematical concepts, the achievement of transition
between concepts and, most importantly, the achievement of not comprehension through
memorization but conceptual comprehension (Can, 2011). For this reason, the theme of
abstraction occupies an important place throughout our mathematical education.

1.1 Background and Theoretical Framework

Abstraction is a structural process and is the construction of mental structures from
mathematical structures, and mathematical structures from mental structures. It is the process
of detaching a characteristic or characteristics, which objects have in common from objects,
and giving names to this characteristic or these characteristics. The abstraction process is not
a directly observable state. It takes place in the form of the isolation of a concept from its
specific characteristics and the direction of the process is from a set of contexts toward a
concept (Dreyfus, 2007; Mitchelmore, 2002; Sierpinska 1994; Tall, 1988; Yilmaz, 2011).

There are different abstraction theories examining students' knowledge formation processes.
The RBC+C abstraction model is important in that it enables us to examine the abstraction
process over the cognitive processes of recognizing, building-with, constructing and
consolidation (Dreyfus, 2007; Herskhowitz, Schwarz, & Dreyfus, 2001). Each of these
actions are observable and the abstraction process can be recognized deeply through the
observation of these (Altun & Yilmaz, 2010). The formation of abstraction occurs by going
through three stages: a need for a new structure, the formation of a new abstract entity, which
in this process the actions of recognizing and using are structures existing as intermingled,
and the consolidation of abstraction in a way to facilitate a person's recognizing action.
Abstraction occurs only in a problem-solving process in which the student performs the
action of formation by using a new method or strategy (Hershkowitz, Schwarz & Dreyfus,
2001). While forming a piece of knowledge, an individual makes associations with previous
subject topics in the stage of recognizing, uses this knowledge in problem-solving in the stage
of building-with, sets up a new knowledge structure in the stage of constructing, and finally
reinforces the knowledge formed in the stage of consolidation. For this reason, in this study,
the RBC+C abstraction model will be used as a tool in analysing tenth grade students'
knowledge abstraction process.

Mathematics education enables students to develop creative thinking, starting from early ages.
In education process the development of creative thinking is possible with a suitable
educational teaching environment (Cenberci & Yavuz, 2018). With mathematics education
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and learning—teaching activities included in this education process, students are expected to
acquire the characteristics of reasonable and systematic thinking with the aim of analysing
events, reasoning, associating, and generalizing. Thinking styles are very important in
mathematics education where science and technology rapidly developing in this era (Ince,
Cenberci & Yavuz, 2018). Moreover, giving students characteristics of mathematical
concepts, formulas, and theorems readily, without making any explanations, causes students
to develop negative attitudes towards mathematics courses (Ozbellek & Gulsen, 2003: 82). It
was observed in the reviews made that there were a limited number of studies made on
complex numbers in Turkey. Some of these studies (Celik & Ozdemir, 2011; Ipek, 2003;
Keceli & Turanli, 2013; Ozdemir, 2006; Turanli, Keceli & Turker, 2007) examine
misconceptions and mistakes surrounding complex numbers. Of these studies, as a result of
the one made by Celik and Ozdemir (2011), it was observed that an large part of the students
(65%) failed to understand the topic of complex numbers, starting from the introduction to
the topic of complex numbers and even the equation of x*+1=0, which can be considered as
the birth equation of complex numbers, and when the need for the set of complex numbers
was most apparently observed. Moreover, about half of the students had problems related to
the comparison of the set of real numbers with the set of complex numbers and the transition
between these two sets. One of the misconceptions put forward in relation to complex
numbers is the misconception of the va.vb = Ja.b rule, which is valid for the set of real
numbers is valid for the set of complex numbers as well (Schechter, 2006; Turanl, Keceli &
Turker, 2007). Moreover, one of the misconceptions about this matter is in the determination
of the real and imagined part of a complex number containing more than two terms and
mistakes related to its demonstration. Among other misconceptions are the addition of all
terms in the addition procedure of two complex numbers and the mistake of changing the
sign of the second term when a complex number has a conjugate (Keceli & Turanli, 2013;
Turanli, Keceli & Turker, 2007). However, some of the studies made (Sakalli, 2011) make
evaluations about the teaching of complex numbers. In the reviews made, no studies, which
examine the learning process of the topic of complex numbers, were found in Turkey.

1.2 The Aim of the Research

This study aimed to examine whether the tenth grade students construct knowledge of
complex numbers included in the learning domain of Numbers and Algebra with their own
mental comprehension abilities and readiness via the RBC+C abstraction model. With this
aim, an answer was sought to the research problem: "How do tenth grade students construct
the knowledge of complex numbers?"

In this study, starting from the need for sets of complex numbers, the students will be asked
to construct the knowledge of complex numbers themselves by recognizing and building-with
the sets, which they learned previously. In this context, the students will try to find the roots
of a second-degree equation and, in cases when a real root cannot be found, it will make them
recognize the need for a new set.
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2. Methodology

In this study, the students' knowledge formation processes in relation to complex numbers
will be examined, rather than making a generalization about the students' thinking processes,
they will be examined thoroughly and in detail. The relationships affecting these thinking
processes will be explained in a certain systematic approach. Hence, in this study, with a
limited number of participating students, a lot of data will be obtained. For this reason, in this
study, the abstraction process was examined through interviews.

2.1 Participants of the Study

This study was carried out with two tenth grade students receiving education in a school in
the province of Bursa. They had not previously studied the topic of complex numbers. These
students were the tenth grade students who were eager to participate in this study and were
reported by their mathematics teacher to be successful in math lessons. These students were
given the nicknames of Burak and Ece. With the administration of the practice with two
students at the same time, it was aimed to give them the opportunity to receive peer support
and, in this way, make them talk about the topic and vocalize their thoughts. Hence, it
became possible to see which mental processes they had undergone and how they constructed
the knowledge.

2.2 Data Collection

Three different research problems were prepared with the aim of examining the participant
tenth grade students' knowledge formation processes in relation to complex numbers. At this
stage, the appropriateness of the problems was determined, expert opinions were taken too.
Hence, the validity of the problems was achieved. Within the scope of the study, prior to the
interview held in the fall semester of the 2014-2015 educational year, the participant students
were told that the aim of the interview was to examine the process of reaching an answer,
rather than reaching a correct or incorrect answer.

The semi-structured interview was held with two participant students simultaneously in the
same environment. The practice was carried out in a classroom and recoded with a video
camera placed where the students could see. Hence, the possibility of forgetting the
environment in which the observation was made and the interview was held after a while was
eliminated. At the same time, these recordings gave the researcher the opportunity to
re-watch whenever she wanted to and to postpone her final decision about an appropriate
approach until she was sure about what to emphasize. Hence, researchers can find rare and
frequent instances by winding and rewinding the recording and, before making a quick
decision about an event, they can change or correct their interpretations by watching previous
or following parts (Toptas, 2008). The data of this study was obtained from the research
problems enabling abstraction to take place within a process, revealing the students'
mathematical thinking levels and knowledge formation processes. The problems had been
prepared in a way to include a new structure and enable the consolidation of this structure and
also from the students' attempts to solve these problems. Moreover, thanks to the worksheets
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given to the students, written information considered to make a contribution to the
explanation of the students' knowledge formation processes was reached.

2.3 Data Analysis

The analysis and interpretation of the data were realized through the worksheets, including
the answers given by the students to the research problem and the descriptive analysis - one
of the types of qualitative data analyses - of the video recordings kept during the interviews.

The aim of descriptive analysis is to present obtained data in an organized and interpreted
way. For this purpose, obtained data is described systematically and clearly (Yildirim &
Simsek, 2005: 224). At this stage, it is necessary to examine the data carefully several times
and divide obtained information into meaningful sections (Kumbetoglu, 2005: 155). In this
study, in the examination of the students' knowledge formation processes, the RBC+C theory
was used. Within this scope, the statements obtained in the knowledge formation process
were organized systematically and were clearly analysed from a cognitive aspect. At this
stage, dialogues and images recorded during the interview were turned into written texts.
After that, a new framework was created by starting from the conceptual framework in the
RBC+C abstraction model and, according to this framework, it was determined under which
themes the data would be organized and presented. In the examination of the knowledge
formation processes, since the RBC+C abstraction model was used as a tool, the themes
determined for the analysis of the written interview texts were recognizing, building-with,
constructing, and consolidation. By considering the dialectical structure of the process, these
cognitive processes were observed and recorded fogether in the solution of the problem.
Finally, in order to make sense of the findings previously described and presented in detail,
explain the relationships between these findings, and draw some conclusions, interpretations
were made based on the data.

The validity and reliability of this study were achieved via the questions used during the
semi-structured interview, and the examination and evaluation of the interview and
observation processes. In order to determine the appropriateness of the research question for
the purpose of the study, the opinions of different experts working in the field were taken and
the research question was revised in the direction of the suggestions made. Following the
practice, the researchers evaluated the observation notes they took during both interviews and
the internal validity of the long-lasting interaction achieved throughout the study was
analysed using various data collection tools. The field experts' examinations and the external
validity was achieved through the descriptive form of the interview. In the study, following
the practice made for reliability, the voice recordings and observation notes were interpreted
by two different researchers in terms of the “observability” of the cognitive processes and it
was observed that the interpretations were consistent with one another and those of the
researchers.

3. Results

Within the scope of this study, this practice was carried out with two successful tenth grade
students participating in the study and lasted 29 minutes.
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The first research problem was composed of the following questions:
a. Find the solution set of " x-3=0 equation in the natural numbers.

b. Find the solution set of the x+3=0 equation in the natural numbers.
¢. Find the solution set of the x*-1=0 equation in the real numbers.

d. Find the solution set of the x*+1=0 equation in the real numbers.

e. Find the solution set of the x’-9=0 equation in the real numbers.

f. Find the solution set of the x’+9=0 equation in the real numbers.

g. Find the solution set of the x’+16=0 equation in the real numbers.

h. Find the solution set of the x’+25=0 equation in the real numbers."

These questions were prepared with the aim of having the students anticipate the need for a
new set in a set where the independent variables of an equation are described or in cases
when the solution set is composed of an empty set and the fact that the sets where variables of
an equation are described are insufficient to find a solution set. In this section, the students
tried to answer the questions during a period of 15 minutes. Below are given some important
interview transcripts from this part of the study.

B12: Hmm... Here, real numbers can be used in positive quadratic numbers such as x*=1 or

x*=9 ... but I cannot benefit from real numbers in negative quadratic numbers such as x*= -16
2

or x=-9.

Figure 1. The students' solutions for the third and fifth questions in this research problem

The students' statements in this part of the study point to their knowing and using the
knowledge of second-degree equations in the solution of the questions here.

E13: Yes, I could not state x in the x*+1=0 equation in the real numbers.
Al4: Well, what are we supposed to do in this case?

B14: Let's expand the equations as far as we can...
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A15: What do you mean? Can you explain?

B16: I mean, firstly, I write x*= -16 as it is. Then, I put both sides into square root...
E17: Hmm... Then, it will be the same for ¥=9..

A18: How? Can you show me?

E19: I mean like this... Let's suppose I want to find the roots for the x’= -9 equation in the
same way...

B20: Yes, I think we can find the x solutions in this way.

(Given below is the solution written by the students in the meantime.)

C . 1k
DESINTIGIE

/
x24 371 /-l

Figure 2. The solutions for the sixth and seventh questions in the first research problem

In this part of the interview, Burak and Ece shared what they thought out loud with each other.
In the meantime, Burak's statement that "we can find x solutions" makes us consider that this
student anticipated that the solution was an empty set in the desired number set but there was
need for a new set, accepting the found x solutions as elements in the given research problem.
This makes us consider that the students started to build background in order to create a new
number set. Moreover, the students' statements in this part indicate that the students used the
knowledge of second-degree equation in their solutions to the questions. Further, what the
student wrote in Figure 2, and their statements in this part, again indicate that these students
recognized and built-with the root numbers within the scope of the real numbers.

A21: Well, in this case, if you needed a number set, how could you describe it?

B22: Now, when this is the case... If I found a lot of equations of this kind, there would occur
the same thing every time... I mean if it were -3¢, again I would not change the,—1
statement... I mean this will remain the same ...

E23: Then, will the new set again include the numbers with -1?

A24: If you wanted to give names to this number set, what name would you give it?

E25: T would call it “mysterious numbers”... For the -1 value never comes out of the root.
B26: I think I would call “consolatory numbers” as well... Let's give -1 anickname, too...

For example, let it be "a" of the consolatory numbers..."a" of the consolatory numbers...
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E27: Hmm... it could be...

In this part of the interview, it was observed that Burak knew that the terms with -1
included in the new set of numbers could not go out of the square root in the real numbers set
but acknowledged the existence of the statements with y—1 in order to create a new set of
numbers and called this new set of numbers “consolatory numbers”. Moreover, Ece also
stated that the value of (-1) could not come out of the root and, in her statement in E25 and
E27, approved of Burak's statements. This indicates that these students recognized the
insufficiency of the real numbers and, for this reason, makes us consider that these students
constructed the set of complex numbers covering the real numbers; in other words, they
constructed the knowledge of complex numbers.

In the second research problem, the students were asked to answer the problem prepared in
the form of: “We expressed the elements of the number sets which we have learned up to now
on the number line and the coordinate plane. Can we express the elements of the new set
existing according to the new set, which we described on the axes? In your opinion, how can
we do it?”

In this research problem, the students were expected to create the complex numbers, express
them on the axes, and make a transition to the complex plane by setting up a relationship with
the demonstration of the real numbers on the coordinate system. Therefore, in these problems,
with the aim of determining whether these students would reach the complex plane, the
students needed the skills of establishing associations and reasoning. In other words, these
students were expected to create the complex plane, which was a new structure, by benefiting
from their previous learning. That is to say, by relating with the coordinate plane where they
demonstrated the real axes. After that, the students were expected to show the complex
numbers on the created complex plane in a standard form, including the real and imaginary
parts together, and this is important for the transition from complex numbers to the concept of
the "complex plane". The students were expected to express these numbers, which they found
and accepted as a new number set and called "consolatory numbers" on the axes.

These tenth grade students discussed the research problem included in this part of the study
for about 5 minutes.

In this part of the study, the students read this research problem and then discussed if they
would draw only one axis or two axes for the consolatory numbers. Some of the interview
texts included in this part are given below.

B34: Seeing that they are the numbers composed of only /7 statements, it is enough to
draw only one axis.

E35: Hmm... Then let's draw it like a number line and place them one by one.

In this part of the interview, Burak's statement can be linked to the fact that the topic of
second-degree equations included in the tenth grade curriculum had not been studied yet. It is
considered that it might also have resulted from their not knowing the fact that in cases when
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the discriminant is below zero, the standard forms of the roots obtained when making root
examinations include imaginary and real parts. In this context, it is natural that the students
placed the complex numbers on a single axis.

The third research problem, with which the students were presented is as follows: “Well, if
the roots of these equations were composed of not a single term, but a multi-term, for
example, how could you demonstrate the elements of the equation with the roots of (3+.-16)
and (3-J=16) or the those of the equation with the roots of (4++-25) and (4-J-25) on the

axes?"

With the designed research problem, the students were expected to make a transition to the
real and imaginary axes. The students worked on this problem for a total of 9 minutes.

B47: Hmm... Now I understood. (3+.~16) I mean (3+4a)... As if it were in y=ax+b ...
A48: How? Can you explain?

B49: I mean when it is y= ax + b, a shift is occurring on the b y-axis.

AS50: Can you express it more clearly?

B51: I mean, in the statement of 3+4a, as if the value of a were like the x-variable and it were
b in 3... I mean, as if it were y=4x+3 ... I mean, when I mark 4a on the x-axis, it is like
shifting 4a in the statement of 3+4a, 3 units above on the y-axis ...

AS52: Well, if you wanted to give names to these axes, what would you call?
(In the meantime, Ece listened to her friend's explanations silently.)

B53: I would call the values including statements with /-1 the axis with a the x-axis and the
y-axis the shift axis. (Ece did not make a comment or ask a question.)

Figure 3. Graph drawn by burak for the third research problem

In this part of the interview, Burak thought of the complex number given in the standard form
as a linear function. Again, in this process, it is notable that this student considered that the
demonstrations of linear function graphs in the form of such a linear function as y= ax+b on
the analytical plane were achieved through shifting the y=ax linear function as much as b unit
on y-axis b. This points to the fact that Burak recognized and built-with his background
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knowledge of linear functions, coordinate systems and shifting of linear functions in the
solution of this problem. That this student named the real axis on the complex plane as the
shifting axis makes us consider that this student constructed the knowledge of complex plane
as a result of the relationship, which he set up with the coordinate axis. However, in this part,
Ece remained silent and did not make any comment on Burak's explanations. For this reason,
it cannot be stated that this student also constructed this piece of knowledge.

4. Discussion and Conclusion

In this study, the high school tenth grade students' complex number knowledge construction
processes were examined through the RBC+C abstraction model. As a result of the
examinations made, it was observed that these participant students recognized and built-with
the knowledge of second degree equations and root numbers from their background
information, which was necessary for them to construct the knowledge of the complex
numbers in the solution of the problems included in this study. Similarly, of these students,
Burak, at the same time, recognized and built-with his background knowledge of linear
functions, coordinate systems and shifting of linear functions to reach the knowledge of
complex planes in the solution of this problem. He then named the real axis on the complex
plane as the shifting axis and, as a result of the relationship he established with the coordinate
system, constructed the knowledge of complex plane. Since she remained silent in the final
part of this interview and did not make any comment on what Burak explained, we could not
determine clearly whether Ece constructed this information or not. In order to understand if
this student constructed the knowledge of complex numbers, there is a need for to put into
practice a new research problem.
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