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Abstract

Metal price, exchange rate, and operating costs are three of the most important sources of
uncertainty in mining projects. In that sense, numerous research studies have been carried out
to account for price uncertainty, while few others have incorporated the simultaneous effects
of operating costs and price uncertainties. The purpose of this paper is to introduce the
octanomial tree method to value an Australian gold mine project by adding three market
uncertainties such as the gold spot price, USD/AUD exchange rate and the operative costs,
under a multinomial tree approach. The proposed model combines the simplicity of the
binomial tree model with the ability to deal efficiently with multiple uncertainties.

Keywords: Real options, octanomial tree, mining projects
1. Introduction

Recent studies had shown that is often inappropriate to determine the value of a project
through the traditional discounted cash flow (DCF) method (Trigeorgis, 1996; Copeland and
Antikarov, 2001) since it does not include its operational flexibilities and future uncertainties.
As a result, by the adaptation of the financial option pricing models, developed by Black and
Scholes (1973) and Merton (1973), the real options approach (ROA) appeared as a useful tool
for making optimal investment decisions that incorporate the value of both flexibilities and
uncertainty. Therefore, investment projects could be valuated by introducing continuous-time
stochastic models like the geometric Brownian motion (GBM), or its adaptation in discrete
time, under the numerical methods framework known as the binomial model developed by
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Cox, Ross and Rubinstein (1979).

Furthermore, talking specifically about natural resources investments, e.g., mining projects,
some works had also shown that the ROA approach constitutes a better tool for assessing
investment projects under uncertain market and operational conditions, which characterizes
these projects, compared to DCF methods, such as the net present value (NPV). Some
relevant works in that sense are the ones of Brennan and Schwartz (1985), Dixit and Pindyck
(1994), Costa-Lima and Suslick (2006) and Haque Topal and Lilford (2014). Therefore, the
ROA approach has found numerous applications in the valuation of the mining projects, when
it is necessary an appropriate treatment of several uncertainties.

Brennan and Schwartz (1985) were the ones that developed, for the first time, a stochastic
model to value mining projects, specifically a copper mine, where they assumed that the
commodity price follows a GBM. Furthermore, they extended this approach by introducing
stochastic control theory to find optimal exercise policies. Since then, several authors have
developed different applications in the mining industry under the ROA. Some relevant works
in that sense are the ones of Paddock, Siegel and Smith (1988); Dixit and Pindyck (1994);
Kelly (1998); Smith and McCardle (1999); Brennan and Trigeorgis (2000); Topal (2008) and
Miranda and Brand&o (2013).

Although these works have successfully implemented the ROA for this type of projects, most
of these studies are limited. Mining projects are not only affected by the commodity price
uncertainty, but also by other factors such as operational costs (Pindyck, 1993) or foreign
exchange rates (Dixit, 1989; Dimitrakopoulos and Abdel-Sabour, 2007; Haque et al. 2014).
Additionally, the treatment to deal with more than one uncertainty at the time is much more
complicated than the simple model assumed in most of the current literature (Gamba and
Trigeorgis, 2007). When the project includes only one source of uncertainty - e.g.,
commaodity price, this risk can be modeled by using widely-known techniques for valuing
real options such as binomial lattice methods. However, in projects that are affected by
several uncertainties, the valuation technique should be improved like Smith and Nau (1995)
suggested.

Following that guideline, more robust real option valuation techniques have been developed
by Clewlow and Strickland (1998) and Gamba and Trigeorgis (2007) under a
multidimensional approach with correlated geometric Brownian processes. Previous
developments inspired these seminal papers, especially, the ones of Boyle (1988), Boyle,
Evnine and Gibbs (1989), Kamrad and Ritchken (1991) and Herath and Kumar (2006).
Specifically, Kamrad and Ritchken (1991) proposed a model (KR model) for valuing
contingent claims with many state variables. The proposed model extended previous works
based on this approach as the ones of Boyle (1988), and Boyle et al. (1989) by allowing for
horizontal jumps. However, their model has several limitations, as Herath and Kumar (2006)
suggested it. The KR model ignores higher-order terms of time step in the approximation
process when they calculate the jump probabilities and the stretch parameter “A”, which is
required to obtain a possible set of probabilities, is chosen arbitrarily. In that sense, Herath
and Kumar (2006) modified the KR model (hamed MKR model) by including an omitted
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second-order term that allows them to derive analytical bounds. In this way, they reduce
errors and ensure that probabilities are non-negative.

Under these different frameworks, Dehghani, Ataee-pour and Esfahanipour (2014) developed
a novel valuation method named pyramid technique based on the multidimensional binomial
tree method as an extension of Clewlow and Strickland (1998) model. Under this model, the
authors evaluated a copper mine with two simultaneous stochastic processes, metal prices and
operating costs. They concluded that under this method, the mine valuation model produces a
more suitable NPV. However, it is still necessary to include a third source of uncertainty for
mining projects (e.g., exchange rate), and to bring it together with commodity prices and
operative costs under a complete ROA framework.

Additionally, under the framework of multidimensional models, some recent applications are
the ones of Song et al. (2017), Xiao and Zhou (2017), Hillman, Zhang and Jin (2018). Song
et al. (2017) employed an irreversible regime-switching Markov chain model for the
multi-stage and technology life cycle of the project in the high-tech industry, where they
implemented a multinomial lattice-based method to value a project like an American option
with a time-dependent strike price.

Xiao and Zhou (2017) used a multinomial pricing model to value a mining concession of a
copper mine in China. In this case, they assume that the annualized volatility of the mineral
spot price is the one that follows a multinomial distribution. Additionally, they show that this
model provides a more comprehensive consideration of the changing annualized volatility
than the traditional decision tree methods. Finally, Hillman et al. (2018) extended previous
works to value a real option. To do that, they include two separate effects: i) the possibility
that the project value is partly describable according to a jump-diffusion process, and, ii) the
incorporation of a time-dependent investor utility function by considering the effect of
inflation.

Based on this, the purpose of this paper is to introduce the octanomial tree method to value an
Australian gold mine project by adding three market uncertainties such as the gold spot price,
USD/AUD exchange rate and the operational costs, under a multidimensional binomial tree
approach. This paper is organized as follows. In section 2, a general overview of both the
binomial and multidimensional models are presented. In section 3, the hypothetical case
study of the Australian gold mine is presented. In section 4, the real option model is
introduced, and finally, section 5 presents the conclusions.

2. Valuation Lattice Models
2.1 The Binomial Model

The binomial model, developed by Cox et al. (1979) (CRR approach) as an alternative to the
Black and Scholes (1973) model and the Merton (1973) model, assumes that the price of the
underlying asset (S;) under a defined the probability space [Q,F(F;so),P] follows a
multiplicative binomial process over discrete periods with At length and Q = (w,, w,).
Given this framework and considering only one period ahead, it is possible to to define S, as
the price in t = 0 and S, as the price at the end of the period (t = 1). Now, if S¥* and S

206 http://ber.macrothink.org



ISSN 2162-4860

\ MacrOthi“k Business and Economic Research
A Institute ™ 2019, Vol. 9, No. 3

are the two possible prices in the future, the model considers them as the result of multiplying
S, by an up-factor u or a down-factor d - i.e. S¥ =uS, and S{& = dS,. The probabilities
of going up or of going down, p and 1 — p, respectively, should be expressed under the
risk-neutral framework. In that sense, under a risk-neutral valuation approach, it is necessary
that 0 < d < e" %% < u, where r is the risk-free interest rate.

The volatility of the underlying asset (o) is essential to estimate the factors u and d,
which are given by u = exp(sVAt) and d = exp(—oVAt), as well as the probabilities p and
1 — p which are specified by:

erAt_ d rAt

u—d

u-—e
u—d

p= and 1—p =
where At =1 is the time step. Now, by introducing an option call with current value C, itis
possible to define C, as its value at the end of the period if the underlying price goes up
(uS,) and C; as the value if the underlying price goes down (dS,). Following Cox et al.
(1979), a rational exercise policy imply that C, = max[uS, — K,0] and C; = max[dS, —
K, 0]. Figure 1 shows this relation.

) / uS, C / C
\ \

ds, C,

Figure 1. Binomial Tree

This binomial model can be extended to multiple periods to represent the dynamics of the
underlying asset. The advantage of this implementation is its numerical ability to find the
value of an option, not only for European style options, but also for the more complex
structures of American options (Copeland and Tufano, 2004)’. Given this framework and
under the ROA, the value of a project can be modeled as a stochastic process through a
discrete recombinant binomial lattice, following Cox et al. (1979).

2.2 The Multinomial Model

The Binomial model is based on lattices with two possible movements, either up or down,
and both movements can be described as the different states of the world. Thus, throughout
the CRR approach, the binomial tree can represent the dynamics of the present value of the
futures free cash flows along the project life, and so it allows to value its flexibilities
(Trigeorgis, 1996; Copeland and Antikarov, 2001). However, the CRR approach has some
limitations, like Kamrad and Ritchken (1991) suggested. For instance, if the goal is to obtain
the value of a project with many uncertainties simultaneously, the model cannot be applied.
For example, mining projects can be affected by many uncertainties like commodity prices

! Copeland and Tufano (2004) state that the binomial model allows to effectively capture the complexity and
the iterative character of managerial decisions and their contingencies. In that sense, the model shows a practical
alternative to solve the fundamental problem in the valuation of the real options compare with the
Black-Sholes-Merton model.
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(Brennan and Schwartz, 1985; Paddock et al., 1988; Cortazar and Schwartz, 1993; Kelly,
1998), operational costs (Pindyck, 1993) or foreign exchange rates (Dixit, 1989;
Dimitrakopoulos and Abdel-Sabour, 2007; Haque et al., 2014). Therefore, the valuation
methods should be improved to make correct investment decisions, leading to the
development of the multinomial lattice models.

Based on the pricing options theory, there are different models to value financial options with
multiple underlying sources. The first is the one of Boyle, Evnine, and Gibbs (1989), where
they considered an alternative approximating procedure (known as BEG model) following
the work of Boyle (1988). Specifically, Boyle (1988) used a trinomial lattice where the first
two moments of the discrete process are equated with the ones of the underlying process to
obtain the jump probabilities. However, even he introduced a stretch parameter (1), which
must be constrained with values of A > 1, he did not provide ways to select a suitable
parameter. In that sense, Boyle et al. (1989) generalized this approach for k-state variables
where they used a 4-jump multi-period lattice.

Later, Kamrad and Ritchken (1991) proposed a multidimensional model (known as the KR
model) as an extension of the one introduced by Boyle et al. (1989). They show that when
A =1, the binomial model is a special case of their one state model, while the BEG model is
a special case of their two-state model. However, their initiative has several limitations.
According to Herath and Kumar (2006), the KR model ignores higher-order terms of time
step in the approximation process when they calculate the jump probabilities, and so negative
probabilities can occur when A > 1. Thereby, Herath and Kumar (2006) use new expressions
to obtain positive probabilities by defining bounds for the stretch parameter.

Based on what was stated before and, by following the work of Herath and Kumar (2006),
this paper applies an extension of the binomial lattice approach with multinomial correlated
geometric Brownian processes. Under this second method, there are now k sources of
uncertainty. Each one will follow a GBM such that:

where S; represents the i-th source of uncertainty, u; and o; are the instantaneous trend
terms of the total returns and the volatilities, respectively, of each i-th stochastic process, and
dW; is the standard Wiener process for each case. Furthermore, we assume that the pairwise
correlation between the i-th and j-th uncertainties are p;; so that:

dW;(£)dW;(t) = p;; dt 2)

By considering three sources of uncertainty, as is the case in this paper, it is possible to
construct an octanomial tree. This structure is a three-variable binomial tree and is a
straightforward generalization of the CRR approach. There are eight branches instead of two
(binomial) or four (quadranomial) at every node, corresponding to eight possible
combinations of the spot price, exchange rate and operative costs going up (u;) or down (d;).
Furthermore, each uncertainty is assumed to follow a GBM in a multidimensional context.

Figure 2 illustrates the eight outcomes that are possible, at the end of period t = 1, if the
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value of the projectin t =0 is V.
Vo uiupus

Vo ugu,ds
/ Vo uidyus
/ Vo uid,ds
v, Z—
\

—

> Vo dyujusg

Vo diuyds
Vo didyus
Vo did,ds

Figure 2. Octanomial tree

To develop the tree, it is necessary to estimate the state probabilities by taking the annual
volatility term of the three uncertainties ag,, o, and o3, as well as the correlation between
them, p,,, p13 and p,5. Based on this, the total number of jump probabilities in the model

are 2% +1 such that Y241 p,. = 1. By allowing equal up and down jump sizes it is

possible to compute the probabilities, where the expected values and variances of the discrete
risk-neutral processes are matched with the ones of the underlying sources of uncertainty.
Following Herath and Kumar (2006), the probabilities are given by equation (3)

1 1+‘L91At /_ k-1 vk m pi,j+19i19jAt
Pm = 2k [ + ZL 1 Xim (A_l) + i=1 j=i+1xij Ailj

m=12,..2kKk=3 (3)
with:

o = { + shows the uncertainty factor i has an up jump at time ¢t }
'm = | — shows the uncertainty factor i has a down jump at time t

M= { + if uncertainties i and j have jumps in the same direction }
/7 | —if uncertainties i and j have jumps in the opposite direction

and, the probability expression for the horizontal jump, p,k,, is

1+19fAt)

Py =1 ( = (4a)

and,

A= J1+02At 4)

Thus, all the possible scenarios for changes in the three sources of uncertainties are shown in
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Table 1.

Table 1. Changes in the sources of uncertainties

Commodity Price | Exchange rate | Operative Cost
puuu + + +
Puud + + -
Pudu + - +
Pudd + - -
Pduu - + +
Paud - + -
Padu - - +
Padd - - -

And, under this framework, the probabilities are estimated using equation (3).
3. Application: A Gold Mine Project Valuation

In this paper, a multidimensional model is implemented to value the investment decision in a
hypothetical gold mining project. We have considered three simultaneous stochastic
processes to model the dynamics of the gold spot price, operative costs, and exchange rate
(USD/AUD) movements along the time. Both the proposed method under ROA with a
closure option and the conventional NPV method will be applied to make the investment
decision.

3.1 Hypothetical Case of a Gold Mine
3.1.1 Project Overview and Assumptions

This study is based on a hypothetical case of a gold mine project in Australia (AUS) (Gold
Mine). The mine is located in the Goldfields-Esperance region of Western Australia. The total
investment expected is $97.5 million and take one year. The gold mine is an exploration-stage
mine containing approximately a total of 5.4 million tons of ore and 450.000 ounces (0z) of
recoverable gold. The ore will be mined in conventional open pits at an average rate of
900.000 tons per year (ton/yr) over a mine life of approximately six years, starting in 2019
after a one-year construction period?. Table 2 shows the assumptions of the gold mine
production.

Table 2. Assumptions of the gold mine production

Mine life 6 yrs
Total reserve 450.000 oz
Average grade (g/ton) 2.0
Mill recovery (%) 95

2 The project considers a fixed-price contract that included schedule, performance, and completion guarantees.
Under the contract, the contractor should provide engineering, procurement, construction (EPC) and
preoperational testing for gold processing facilities, including: crushers, conveyors, agglomeration facilities, the
leach pad, the ponds and pumping system, carbon columns, the refinery, utilities, and ancillary buildings.
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To calculate the total gold recovered of the mine, the ore reserves should be multiplied by the
estimated grade of the ore, which estimates the amount of gold present in the ore body, and
the mill recovery rate. The parameters of the financial model are presented in Table 3.

\\ Mac rOth i “k Business and Economic Research

Table 3. Financial Parameters

Average Gold Price (USD/g) $42.33
Average Exchange Rate (AUD/USD) | 0.8
Mine Operating Cost ($/t) $28.22
Royalties (% Net Smelter Return) 5
Risk-adjusted Discount Rate (%) 15
Risk-free Rate (%) 2.57
Inflation (%) 3
Corporate Tax Rate (%) 30

Australian Dollar (AUD) will be the currency used to express all the data, including the mine
value, with and without flexibility, and the value of the real option. On the other side, the
United States Dollar is the currency used to express the gold spot price, but it will be
converted into AUD and expressed as AUD/g by using the exchange rate AUD/USD. It is
important to highlight that in this hypothetical case, the operative cost cannot be directly
observed, so its parameters are estimated using the historical data of the producer price index
in the mining industry.

3.1.2 The Static DCF Analysis: Cash Flows and Firm's Initial Value

To analyze the feasibility of the gold mine project from a financial point of view, the
fundamental variables in a deterministic framework are forecasted, i.e., it is considered that
the total production of the mine, the gold spot price, operating costs, and exchange rate are
known with certainty (Table 3). With that estimation, the free cash flows for the following six
year are shown in Table 4.

Table 4. Free Cash Flow model ($ 000)

Year 0 1 2 3 4 5 6
Gold recovered (000" 0z) 1710 | 1710 | 1710 | 1710 | 1710 | 1710
Gross income 58 63 68 74 80 86
Operating Cost 25 26 26 27 27 28
Depreciation 16 16 16 16 16 16
Corporate Tax 8 10 11 12 14 16
Total Capex 98
Free Cash Flow -98 36 39 42 45 49 53
Cum. Cash Flow -98 -62 -23 19 64 113 167

Once the financial model has been built, the expected cash flows are discounted by using a
risk-adjusted rate (15%), which reflects the financial structure of the project as well as the
perceived risks, to obtain the NPV. Therefore, the DCF analysis provides a NPV of $63.87
million, an internal rate of return (IRR) of 35%, and a present value (PV) of the futures free
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cash flows $161.4 million. These results suggest that the project is feasible (financially viable)
since the NPV > 0 and the IRR > discount rate. However, the model's results depend on
the forecast assumptions of critical variables as the gold price, operative costs, and exchange
rate. To improve the valuation model, the market uncertainties should be incorporated using
the multidimensional approach under ROA by generating multiple paths of the uncertainties
and the project's value.

4. Stochastic Analysis of Uncertainties

The ROA arose as a response to the limitations of the traditional DCF model used to value
projects in a dynamic environment. Since the ROA adapts the financial options pricing
models developed by Black and Scholes (1973) and Merton (1973), it can incorporate the
value of flexibility and uncertainty into investment decision-making with the purpose of
valuing investment projects.

Under a filtered probability space [Q,F(F;so), P] each of the three variables mentioned
before, gold spot price (S;), USD/AUD exchange rate (Sgz) and operative costs (S¢), will
follow each one a GBM. Therefore, by defining X;(t) = Ln[S;(t)], Xgr(t) = Ln[Sgr(t)]
and Xg(t) = Ln[S;(t)], and applying Itd’s lemma the stochastic processes are the following:

dX6(t) = (g — 8 = %) dt + o dWs (1) (5a)
dXggr(t) = (:uER - UEZRZ) dt + ogrdWeg(t) (5b)
dXc(®) = (e = %) dt + ocdWe () (5¢)

where u, represents the instantaneous total trend term of the return of the gold spot price
and & the constant net spot instantaneous convenience yield. On the other side, ugz and u.
are the instantaneous trend terms of the total returns of both the USD/AUD exchange rate and
the operative costs. Furthermore, o;, ogr and o, are the respectively volatilities,
meanwhile dW (t) in each case is the increment of a Wiener process. The three processes
are correlated: dWg;(t)dWgg(t) = pg gr dt, AWgr(t)dWe(t) = pprc dt and dW;(t)dWe(t) =
Pe,c dt.

Additionally, the whole processes are discretized using Euler-Maruyama method in the
following way

Xt =C + Xt—l + et (6)
where:
X A
X = |[Xgr| and c = |fgg
Xc Ac
and,
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fic = (ns — 8 =) At (72)
2
fgr = (.UER - JEZR )At (7b)
2
fc = (e —2<) e (7¢)

Furthermore, e; is a set of serially uncorrelated disturbances driven by a multivariate normal
distribution with expected value E[e;] = 0, and

ag*At P, EROGOERAL P cOc0cAt
Cov(e;) = |P6,ErO6OErAL opr°At PER,cOEROCAL
P6,cO60cAt PR cOprOcAt oc*At

The parameters associated with the gold spot price and the USD/AUD exchange rate are
obtained by using quarterly information from March 1990 to September 2017. However,
given the fact that there is not historical information of operative costs, the increment of this
last variable is approximated with the logarithm change of the producer price index (IPP) of
Australia for the coal mining industry. Figure 3 shows the three series.

7.50 0.800
0.700
7.00 0.600
0.500
6.50 0.400
0.300
6.00 0.200
0.100
5.50 0.000 \J.\“J
-0.100
SlmDﬂNﬂ'ml‘)ww\Ova\thOHNwmw 'O-ZGODHquntDmmOde‘LGI’\OOO-*N\‘!\!\UJ
LR R REEEREEEREEREERRERE LR R R RS EREEEREERERERE
(a) Gold price (USD/oz). (b) Exchange Rate (AUD/USD).
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0.700
0.600
0.500
0.400
0.300
0.200
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0.100
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(c) Producer Price Index (IPP).

Figure 3. Historical data for three variables

Additionally, the 10-year Australian bond is used for the estimation of the risk-free rate
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(2.57%). On the other side, the net spot instantaneous convenience yield is obtained by
following Gibson and Schwartz (1990) estimated in 3.07%. Table 5 shows the estimated
parameters by applying the maximum Log-likelihood method (the ; were obtained as well
asthe o; andthe p;; first, and then by using f; and o;, the u; were finally derived).

Table 5. Fundamental data for Octanomial Tree

Input data Ui g; A
Gold spot price 7. 77% 16.21% 1.022
USD/AUD exchange rate 0.53% 12.08% 1.000
Operative cost 1.75% 4.51% 1.065
Correlations
Pij
Gold spot price / ASD/AUD -0.37
Gold spot price / Operative cost 0.09
Operative cost / ASD/AUD -0.24

All the parameters of the Table 5 show the annual estimations — i.e. the instantaneous trend
term of the return (y;) and the annual volatility (o;), from each one of the processes by using
the historical series as was indicated before. Additionally, the stretch parameters (4;) were
estimated following Herath and Kumar (2006) as indicated in equation (4b).

5. Real Options Model for a Gold Mining Project

If one of the sources of uncertainty has a significant impact on the value of the options
compared to the others, or if the management decisions are tied to a particular source of
uncertainty, you may want to keep factors separate in the option calculations. Furthermore,
when multiple sources of uncertainty are considered simultaneously, the options are known as
rainbow options®. Real rainbow options have an essential role in natural resources
investments, such as mining applications, since there are several uncertainty sources. Based
on that, a rainbow option is considered in this case with a payoff max(V; —1,0), and
following Copeland and Antikarov (2001), the solution method is basically the same as for a
single factor except that it involves an octanomial tree instead of a binomial or quadranomial
tree.

5.1 Option Valuation Using Octanomial Tree

To obtain the value of the option, an octanomial tree model is built which considers the three
correlated uncertainties. The multiplicative movements of the PV of the project for the two
periods (year 1 and year 2) are presented in figure 4. The octanomial model is a recombining
tree like the binomial tree given that the correlations and volatilities are assumed to be
constant. Additionally, Table 6 shows the eight state probabilities according to equation (3).

® A rainbow option is an option whose payoff depends on multiple sources of different underlying risk assets.
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Table 6. Probabilities

puuu

Puud

Pudu

Pudd

Pduu

Pdud

Pddu Pddd

13.26%

6.97%

28.92%

10.74%

13.80%

14.81%

10.85% | 0.31%

311
2842
577

Figure 4. Octanomial Tree for the project value

Based on the state probabilities, the total value is calculated by multiplying the payoffs by
these probabilities and discounting the result at the risk-free rate (2.57%) as follows

EV = e_rAt(Zfﬂ Pm max(Ve,m — 1, 0)) (8)

where V,,, is the project value without flexibility in time t in each state m, and I is the
total investment of the gold mine project. Applying equation (8), the project value with
flexibility is obtained (EV = $146.1). This means that the value that the rainbow option adds

is RO=$82.23.
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5. Conclusions

This paper attempts to present a method for the valuation of a gold mine in Australia under
the ROA but incorporating not only one or two sources of uncertainty but three of them. It is
possible to conclude that the octanomial model is a suitable and applicable technique for

forecasting three uncertainties in mining projects based on the following ideas:

« |f the diffusion term of each GBM maintains constant, the octanomial model will be a
recombining tree. This particularity is also present in both the binomial and quadranomial
models.

» The parameters obtained by using quarterly information of the gold spot price, USD/AUD
exchange rate and IPP for Australia gold mining sector do not produce negative probabilities.
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