Business and Economic Research
ISSN 2162-4860
2021, Vol. 11, No. 2

An Integration of Neoclassical Growth Theory and
Economic Structural Change with Monopolistic
Competition Theory
Prof. Wei-Bin Zhang
Ritsumeikan Asia Pacific University, Japan
Tel: 0977-73-9787

Received: March 8, 2021
doi:10.5296/ber.v11i2.18380

E-mail: wbz1@apu.ac.jp

Accepted: April 2, 2021

Published: April 7, 2021

URL: https://doi.org/10.5296/ber.v11i2.18380

Abstract
Wealth accumulation is a deterministic factor mechanism of national economic growth.
Neoclassical growth theory is basically concerned with capital and wealth accumulation in
perfectly competitive market. Global markets are characterized by a great variety of markets.
Nevertheless, there only a few rigorous models of wealth accumulation with other types of
markets within neoclassical growth framework. This study attempts to contribute literature of
economic growth by introducing monopolistic competition and monopoly into neoclassical
growth theory. The model is based on a few well-established economic theories. The model is
constructed within framework of the Solow-Uzawa two-sector neoclassical growth model.
The description of to monopolistic competition is influenced by the Dixit-Stiglitz model of
monopolistic competition. The modelling of monopoly is based on monopoly theory. We
model behavior of the household with Zhang’s utility function and concepts of current
income and disposable income. The unique contribution of this research is to integrate these
theories in a comprehensive framework. We construct the basic model and then analyze
properties of the model. The existence of a unique equilibrium point is identified by
simulation. The effects of changes in some parameters comparative static analyses in some
parameters.
Keywords: Monopoly, Dixit-Stiglitz model, Perfect competition, Profit, Solow-Uzawa model
1. Introduction
In modern economies different market structures co-exist. In one national economy, one
observes perfect competition, imperfect competition, oligopoly, and monopoly. Different
market structures have different economic efficiencies under varied economic mechanisms.
Market structures have been extensively studied in different fields of microeconomics, mostly
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in partial and static frameworks (e.g., Nikaido, 1975; Mas-Colell, et al., 1995; Brakman and
Heijdra, 2004; Wang, 2012; Behrens and Murata, 2007, 2017; and Parenti, et al., 2017). It is
important to consider efficiencies and distributional impact of different markets in general
equilibrium framework. Economists built a few formal growth models with microeconomic
foundation which analyze behavior of different market structures in an integrated theory. This
study contributes to the literature of neoclassical economic growth theory with capital and
wealth accumulation by integrating different market structures within a single comprehensive
framework. As far as I am aware, this is a first macroeconomic growth model of endogenous
capital and wealth with monopoly, monopolistic competition, and perfect competition based
on microeconomic foundation.
As far as capital and wealth accumulation is concerned, neoclassical growth theory is perhaps
only a successful economic theory built on microeconomic foundation. Other economic
theories such as new growth theory and economic development theories either omit physical
capital or treat physical capital without proper microeconomic foundation. As history of
contemporary economics shows, it is mathematically difficult to integrate some important
ideas about imperfection competition in other economic theories into neoclassical grow
theory. A main reason for that neoclassical economic theory can be further generalized is due
to Zhang’s model of household behavior. Zhang (2020) applies the approach to integrate
various economic theories within a single comprehensive framework. The approach solves
different economic problems with a single analytical framework. This study also applies the
general economic theory to examine another important economic problem - how to analyze
different market structures within an integrated framework with the growth mechanism of
neoclassical growth theory. We apply two core models in economic theory to build our
general model. The two models are respectively the Dixit-Stiglitz monopolistic competition
equilibrium model (Dixit and Stiglitz, 1977) and the Solow-Uzawa two-sector growth model
with perfect competition (Solow, 1956; Uzawa, 1961). The two models have resulted in two
extensive but separate literatures of economic development. There is an extensive literature of
neoclassical economics of perfect competition (e.g., Burmeister and Dobell, 1970; Azariadis,
1993; Barro and Sala-i-Martin, 1995; Jensen and Larsen, 2005; Zhang, 2005; and Ben-David
and Loewy, 2003). The literature of monopolistic competition (which does not properly deal
with wealth and physical capital accumulation) is extensive and is still developed fast (e.g.,
Krugman, 1979; Lancaster, 1980; Ethier, 1982; Romer, 1990; Benassy, 1996; Picard and
Toulemonde, 2009; Bertoletti and Etro, 2015; Nocco, et al., 2017). Zhang (2018) recently
integrates the two approaches. This study is to develop Zhang’s model by introducing
monopoly and economic structure into growth theory with wealth and capital accumulation.
The rest of the paper is organized as follows. Section 2 builds the growth model of wealth
and capital accumulation with monopoly, monopolistic competition, and perfect competition.
Section 3 analyzes behavior of the model and illustrates properties of the model by simulation.
Section 4 studies the effects of changes in some parameters on the economic system. Section
5 concludes the study.
2. The Dynamic Model with Monopoly and Monopolistic Competition
This study integrates monopoly with Zhang’s monopolistic competition growth model (Zhang,
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2018). We build the model by integrating the Solow-Uzawa economic structural change and
growth model, the Dixit-Stiglitz monopolistic competition model with product variety,
monopoly theory in managerial economic, and Zhang’s utility function and concepts of
current and disposable incomes. The unique contribution of this study is to introduce
monopoly and economic structure to Zhang’s model. In the Dixit and Stiglitz model (Dixit
and Stiglitz, 1977), economic production is divided into the production of a variety of
differentiated middle products and the production of a final good. In addition to the
Dixit-Stiglitz’s product varieties, this study includes monopoly and monopoly product.
Monopoly product is solely consumed by consumers. We apply the Solow model to describe
the final goods production. The Solow good can be used as investment as capital good and
consumed as consumer good. The production of final good uses labor and capital as input
factors. Different from the Grossman-Helpman model (Grossman and Helpman, 1990) in
wealth and capital are not included, we include the growth mechanism of the Solow model.
Productions of intermediate inputs, final goods, and monopoly product all employ labor force.
We select the final good as a medium of exchange. It is treated as numeraire. Capital is
assumed to depreciate at a constant exponential rate  k .
The final good production
We use 𝐾𝑖 (𝑡), 𝑁𝑖 (𝑡), and 𝐹𝑖 (𝑡), to stand for, respectively, capital input, labor input, and
output of the final goods sector. Let 𝑋𝑖 (𝑡) represent the intermediate inputs’ (aggregate)
input of the final good sector:
𝑋𝑖 (𝑡) = ∑𝑛𝜀=1 𝑥𝜀𝜃 (𝑡) , 0 < 𝜃 < 1

(1)

Where 𝜃 is a parameter, 𝑥𝜀 (𝑡) is the input of middle product 𝜀, 𝑛 stands for the number of
varieties of middle products. Following Grossman and Helpman (1990), we apply the
following production function of final goods:
𝛼
𝛽
𝛾
𝐹𝑖 (𝑡) = 𝐴𝑖 𝐾𝑖 𝑖 (𝑡) 𝑁𝑖 𝑖 (𝑡) 𝑋𝑖 𝑖 (𝑡),

0 < 𝛼𝑖 , 𝛽𝑖 , 𝛼𝑖 + 𝛽𝑖 < 1, 𝛾𝑖 =

1 − 𝛼𝑖 − 𝛽𝑖
𝜃

> 0

(2)

where 𝐴𝑖 , 𝛼𝑖 and 𝛽𝑖 stand for parameters. The specified form implies that production is
characterized by constant returns to scale for fixed 𝑛, but by increasing returns in 𝑛. This
models the property that as degree of specialization is increased, technical efficiency in
enhanced as 𝑛 is expanded. An additional type of new middle products enhances the degree
of specialization. There are thus scale economies at the industry level which are exogenous to
the final goods sector’s individual firms. Let 𝑤(𝑡), 𝑟(𝑡), and 𝑝𝜀 (𝑡), denote respectively the
wage rate, the interest rate, and the price of middle good 𝜀. We have the profit of the final
goods sector:
𝑛

𝜋𝑖 (𝑡) = 𝐹𝑖 (𝑡) − (𝑟(𝑡) + 𝛿𝑘 ) 𝐾𝑖 (𝑡) − 𝑤(𝑡) 𝑁𝑖 (𝑡) − ∑ 𝑝𝜀 (𝑡) 𝑥𝜀 (𝑡)
𝜀=1
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We have the following marginal conditions:
𝑟(𝑡) + 𝛿𝑘 =

𝛼𝑖 𝐹𝑖 (𝑡)
,
𝐾𝑖 (𝑡)

𝛽𝑖 𝐹𝑖 (𝑡)
,
𝑁𝑖 (𝑡)

𝑤(𝑡) =

𝑝𝜀 (𝑡) =

𝛾𝑖 𝜃 𝑥𝜀𝜃−1 (𝑡) 𝐹𝑖 (𝑡)
𝑋𝑖 (𝑡)

(3)

We see that the share of factor 𝑋𝑖 equals 𝛾𝑖 𝐹𝑖 . From the marginal conditions for capital and
labor in (3) and (2), we get:
̃
𝛾
𝐾𝑖 (𝑡) = 𝛬(𝑡) 𝑋𝑖 (𝑡), 𝑁𝑖 (𝑡) = (

𝑤(𝑡)

1/(𝛽𝑖 −1)

)
𝛼
𝛾
𝛽𝑖 𝐴𝑖 𝐾𝑖 𝑖 (𝑡) 𝑋𝑖 𝑖 (𝑡)

(4)

where 𝛾̃ ≡ 𝛾/(1−𝛼𝑖 − 𝛽𝑖 ) and
𝑟𝛿 (𝑡)
𝛬(𝑟, 𝑤, 𝑡) ≡ [(
)
𝛼𝑖 𝐴𝑖

𝛽𝑖 −1

1/(1−𝛼𝑖 −𝛽𝑖 )

𝛽𝑖 𝐴𝑖 𝛽𝑖
(
) ]
𝑤(𝑡)

, 𝑟𝛿 (𝑡) ≡ 𝑟(𝑡) + 𝛿𝑘

We see 𝛬(𝑡) independent of variety. With (3), we solve:
̃ −1
𝛾

𝑝𝜀 (𝑡) =

𝛾𝑖 𝜃 𝑟𝛿 (𝑡) 𝑥𝜀𝜃−1 (𝑡) 𝛬(𝑡) 𝑋𝑖

(𝑡)

𝛼𝑖

(5)

Substituting (4) into (5) yields:
(𝛾
̃ −1)𝜃̄

𝑥𝜀 (𝑡) = 𝛬̃(𝑡) 𝑋𝑖

(𝑡) 𝑝𝜀−𝜃̄ (𝑡)

(6)

where
𝜃̄

𝛾𝑖 𝜃 𝑟𝛿 (𝑡) 𝛬(𝑡)
1
𝛬̃(𝑡) ≡ (
) , 𝜃̄ ≡
.
𝛼𝑖
1 − 𝜃
We see that 𝛬̃(𝑡) is independent of variety. We calculate the share of variety 𝜀 in terms of
the total value of intermediate inputs as:
𝜑𝜀 (𝑡) ≡

𝑥𝜀 (𝑡) 𝑝𝜀 (𝑡)
∑𝑛
𝑚=1 𝑥𝑚 (𝑡) 𝑝𝑚 (𝑡)

(7)

From (6) and (7) we have
̄

𝜑𝜀 (𝑡) =

𝑝𝜀1−𝜃 (𝑡)
̄

1−𝜃
∑𝑛
𝑚=1 𝑝𝑚 (𝑡)

(8)

The middle goods sector
It is assumed that decision on the production of middle goods is made in oligopolistic price
competition market. The profit is the product of profits per unit of product and the share of
the market. The producer of variety 𝜀 chooses the price 𝑝𝜀 (𝑡) to maximizes the profit:
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𝜋𝜀 (𝑡) = [𝑝𝜀 (𝑡) − 𝑎𝑁 𝑤(𝑡)]

𝜑𝜀 (𝑡) 𝛾𝑖 𝐹𝑖 (𝑡)
𝑝𝜀 (𝑡)

in which 𝑎𝑁 stands for the unit labor requirement for production of intermediates. With this
equation and (8), we get:
̄

𝜋𝜀 (𝑡) = [𝑝𝜀 (𝑡) − 𝑎𝑁 𝑤(𝑡)]

𝛾𝑖 𝐹𝑖 (𝑡) 𝑝𝜀−𝜃 (𝑡)

(9)

1−𝜃̄
∑𝑛
𝑚=1 𝑝𝑚 (𝑡)

With (3) and (1), we get:
𝐹𝑖 (𝑡) =

𝑝𝜀 (𝑡)
𝛾𝑖 𝜃

̅
−1/𝜃
(𝑡)
𝑥𝜀

𝜃 (𝑡)
∑𝑛𝑚=1 𝑥𝑚

(10)

With (6) and (10), we obtain:
̄

𝐹𝑖 (𝑡)
̄

1−𝜃
∑𝑛
𝑚=1 𝑝𝑚 (𝑡)

=

̃ −1)𝜃
̃ (𝑡) 𝑋 (𝛾
(𝑡)
𝛬
𝑖

(11)

𝛾𝑖 𝜃

From (9) and (11), we get the following profit function:
(𝛾
̃ −1)𝜃̄
(𝑡) 𝑝𝜀−𝜃̄ (𝑡)
𝛾𝑖 𝛬̃(𝑡) 𝑋𝑖
𝜋𝜀 (𝑡) = [𝑝𝜀 (𝑡) − 𝑎𝑁 𝑤(𝑡)]
𝛾𝑖 𝜃

From the first-order condition (i.e., 𝜕𝜋𝜀 /𝜕𝑝𝜀 = 0) of maximizing the profit, we have the
fixed-markup pricing rule as follows:
𝜃 𝑝𝜀 (𝑡) = 𝑎𝑁 𝑤(𝑡)

(12)

We see the price independent of variety. By (9) and (12), the profit per firm is given by:
𝜋(𝑡) =

(1 − 𝜃) 𝛾𝑖 𝐹𝑖 (𝑡)
𝑛

(13)

By (13), we see the profit independent of 𝜀. With (5), we also see 𝑥𝜀 (𝑡) independent of 𝜀.
We denote 𝑥𝜀 (𝑡) by 𝑥(𝑡). With (1) we obtain:
𝜃
𝑋𝑖 (𝑡) = 𝑛 𝑥 𝑖 (𝑡)

(14)

𝜋̄ (𝑡) = 𝑛 𝜋(𝑡)

(15)

We have the total profit as:

Modelling the consumer behavior with saving
We apply Zhang’s model of household behavior (Zhang, 1993, 2020). Let 𝑘̄(𝑡) denote per
capita wealth. We thus have: 𝑘̄(𝑡) = 𝐾(𝑡)/𝑁, where 𝐾(𝑡) stands for the total capital. All
the profits are equally shared among the population. In many of formal growth models it is
commonly assumed that profit is often invested for innovation. The total profit is assumed to
be equally distributed between the homogenous households in this study. It is more realistic
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to take account of various possible distributions of profits among firms, households, and
governments. We use ℎ to stand for human capital. We have the representative household’s
current income as:
𝑦(𝑡) = 𝑟(𝑡) 𝑘̄(𝑡) + ℎ 𝑤(𝑡) +

𝜋̄ (𝑡)
𝑁̄

+

𝜋𝑚 (𝑡)
𝑁̄

(16)

We have the household disposable income 𝑦̂(𝑡) as the value of wealth and the current
disposable income:
𝑦̂(𝑡) = 𝑦(𝑡) + 𝑘̄(𝑡)

(17)

The disposable income is assumed to be what is available for the representative household to
use for consumption of monopoly product 𝑐𝑚 (𝑡), and consumption of final goods 𝑐𝑖 (𝑡),
and savings 𝑠(𝑡). We express the budget constraint:
𝑝𝑚 (𝑡) 𝑐𝑚 (𝑡) + 𝑐𝑖 (𝑡) + 𝑠(𝑡) = 𝑦̂(𝑡)

(18)

where 𝑝𝑚 (𝑡) is the price of monopoly product. The utility level 𝑈(𝑡) is taken on the
following form which is dependent on 𝑐𝑚 (𝑡), 𝑐𝑖 (𝑡), and 𝑠(𝑡):
𝜉

1/𝜉0

𝜉

𝑈(𝑡) = (𝜉𝑚 𝑐𝑚0 (𝑡) + 𝜉𝑖 𝑐𝑖 0 (𝑡))

𝜆
𝑠 0 (𝑡), 𝜉𝑚 , 𝜉𝑖 , 𝜉0 , 𝜆0 > 0

(19)

where 𝜆0 stands for the propensity to save. Appendix A1 solves the optimal problem with
the following expressions:
𝑐𝑚 (𝑡) = 𝜉 𝑃(𝑡) 𝑦̂(𝑡) Λ(𝑡), 𝑐𝑖 (𝑡) = 𝜉 𝑦̂(𝑡) Λ(𝑡)
𝑠(𝑡) = (𝑃𝜉0 (𝑡) + 𝜉) 𝜆0 𝑦̂(𝑡) Λ(𝑡)

(20)

where
1

1
1
(𝜉 −1)
(𝜉
0
Λ(𝑡) ≡
, 𝑃(𝑡) ≡ 𝜉 −1) 𝑝𝑚 0 (𝑡),
𝜉
0
𝜉 𝑝𝑚 (𝑡) 𝑃(𝑡) + 𝜆0 𝑃 (𝑡) + 𝜆

𝜆 ≡ 𝜉 + 𝜆0 𝜉, 𝜉 ≡

𝜉𝑖
.
𝜉𝑚

The behavior of the household is known if we get 𝑝𝑚 (𝑡) and 𝑦̂(𝑡).
Wealth accumulation
According to the definition of 𝑠(𝑡), we have the following equation for describing the
change in the household’s wealth is given by:
𝑘̄̇(𝑡) = 𝑠(𝑡) − 𝑘̄(𝑡) = (𝑃𝜉0 (𝑡) + 𝜉) 𝜆0 𝑦̂(𝑡) Λ(𝑡) − 𝑘̄(𝑡)

(21)

This equation simply says that saving minus dissaving is the change in wealth.
Equilibrium for monopoly product
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Let 𝐹𝑚 (𝑡) represent the monopoly’s output. We have the demand and supply condition for
monopoly product as:
̅ = 𝐹𝑚 (𝑡)
𝑐𝑚 (𝑡) 𝑁

(22)

The behavior of the monopoly
As the monopoly has monopolistic power, the price is determined by itself. Let 𝐾𝑚 (𝑡) and
𝑁𝑚 (𝑡) stand for respectively the capital input and labor input of the monopoly. The
production function of the monopoly is sepcified:
𝛼

𝛽

𝐹𝑚 (𝑡) = 𝐴𝑚 𝐾𝑚𝑚 (𝑡) 𝑁𝑚𝑚 (𝑡), 0 < 𝛼𝑚 , 𝛽𝑚 < 1

(23)

in which 𝐴𝑚 , 𝛼𝑚 and 𝛽𝑚 are parameters. The monopoly’s profit equals:
𝜋𝑚 (𝑡) = 𝑝𝑚 (𝑡) 𝐹𝑚 (𝑡) − (𝑟(𝑡) + 𝛿𝑘 ) 𝐾𝑚 (𝑡) − 𝑤(𝑡) 𝑁𝑚 (𝑡)

(24)

With (20) and (22) we get:
̅ =
𝑝𝑚 (𝑡) 𝐹𝑚 (𝑡) = 𝑝𝑚 (𝑡) 𝑐𝑚 (𝑡) 𝑁

𝜉̅ 𝑦̂(𝑡)
̅
𝜆 + 𝑃−𝜉0 (𝑡)

(25)

where
𝜉̅ ≡

̅
(1 + 𝜆0 )
𝑁
, 𝜆̅ ≡
𝜆
𝜆

With (17) and (24), we obtain:
𝑦̂(𝑡) = 𝑦̃(𝑡) +

𝑝𝑚 (𝑡) 𝐹𝑚 (𝑡)
𝑁̄

where
𝑦̃(𝑡) = (1 + 𝑟(𝑡))𝑘̄(𝑡) + ℎ 𝑤(𝑡) +

𝜋̄ (𝑡) (𝑟(𝑡) + 𝛿𝑘 ) 𝐾𝑚 (𝑡) + 𝑤(𝑡) 𝑁𝑚 (𝑡)
−
𝑁̄
𝑁̄

The above equation and (25) imply:
𝜉0

𝜉̅

1
(1−𝜉0 )

( 𝜆̅ − ̄ ) 𝑝𝑚 (𝑡) + 𝜉 (1−𝜉0) 𝑝𝑚
𝑁

(𝑡) =

𝜉̅ 𝑦̃(𝑡)
𝐹𝑚 (𝑡)

(26)

We solve the equation with the variable 𝑝𝑚 (𝑡) as a function of 𝐹𝑚 (𝑡) and 𝑦̃(𝑡). For
instance, we can explicitly solve the equation when 𝜉0 = 1/2 or 2. Suppose there is a
solution expressed as follows: 𝑝𝑚 (𝑡) = 𝐺(𝐹𝑚 (𝑡)). The profit is now given by:
𝜋𝑚 (𝑡) = 𝐺(𝐹𝑚 (𝑡), 𝑦̃(𝑡)) 𝐹𝑚 (𝑡) − (𝑟(𝑡) + 𝛿𝑘 ) 𝐾𝑚 (𝑡) − 𝑤(𝑡) 𝑁𝑚 (𝑡)

(27)

We maximize the profit in capital and labor and have the following marginal conditions:
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𝜕 𝜋𝑚
𝜕𝐺
𝛼𝑚 𝐹𝑚
1𝜕𝐺
= (𝐹𝑚
+ 𝐺)
− (
+ 1) (𝑟 + 𝛿𝑘 ) = 0
𝜕 𝐾𝑚
𝜕 𝐹𝑚
𝐾𝑚
𝑁̄ 𝜕 𝑦̃
𝜕 𝜋𝑚
𝜕 𝑁𝑚

= ( 𝐹𝑚

𝜕𝐺
𝜕 𝐹𝑚

+ 𝐺)

𝛽𝑚 𝐹𝑚

1 𝜕𝐺

− (̄

𝑁 𝜕 𝑦̃

𝑁𝑚

+ 1) 𝑤 = 0

(28)

where we don’t include time in the expressions. These two equations enable us to decide the
labor and capital inputs as functions of the rest variables in the system. With (23) and (26) we
determine the price and output of monopoly product. We have the monopoly’s profit with
(27). One finds to analyze behavior of monopoly in more general form in some standard
microeconomic textbooks (e.g., Mas-Colell, et al., 1995).
Demand and supply of final goods
As change in capital stock equal to the output of the final goods sector is minus the
depreciation of capital stock and total consumption, we have:
𝐾̇ (𝑡) = 𝐹𝑖 (𝑡) − 𝐶𝑖 (𝑡) − 𝛿𝑘 𝐾(𝑡)

(29)

where 𝐶𝑖 (𝑡) = 𝑐𝑖 (𝑡) 𝑁̄.
Full employment of labor and capital
In labor market, the labor supply equals the labor demand:
𝑁𝑖 (𝑡) + 𝑁𝑚 (𝑡) + 𝑎𝑁 𝑥(𝑡)𝑛 = ℎ𝑁̄

(30)

𝐾𝑖 (𝑡) + 𝐾𝑚 (𝑡) = 𝑘̅(𝑡)𝑁̄

(31)

For capital markets we have:

We constructed the model. It is an integration of the Solow model, the Dixit-Stiglitz model,
the Grossman-Helpman model, and theory of monopoly with Zhang’s utility function and
concepts of current and disposable income. The rest of the paper analyzes properties of the
economic system.
3. Properties of the Monopoly-monopolistic-competitive Model
The previous section constructed the growth model with monopoly, monopolistic competition,
and perfect competition. To simulate the model, we need a computational program to follow
the movement of the economic system.
Lemma
The movement of the model is determined by a differential equation as follows:
𝑥̇ (𝑡) = (

̅ (𝑥(𝑡))
𝑑𝜑
𝑑 𝑥(𝑡)

−1

)

𝑓(𝑥(𝑡))

(32)

where functions 𝜑̅(𝑥(𝑡)) and 𝑓(𝑥(𝑡)) are defined in Appendix A-2. All the other variables
are explicitly given as functions of 𝑥(𝑡) as follows: 𝑘̄(𝑡) with (A14) → 𝑧(𝑡) by (A11) →
𝐾(𝑡) = 𝑘̄(𝑡) 𝑁̄ →𝐹𝑖 (𝑡) by (A6) → 𝑤(𝑡) by (A7) → 𝑟(𝑡) by (A12) → 𝜋(𝑡) by (13) →
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𝜋̄ (𝑡) by (15) → 𝑋𝑖 (𝑡) by (14) → 𝑝𝜀 (𝑡) by (A2) → 𝑁𝑖 (𝑡) by (A4) → 𝑁𝑚 (𝑡) by (A8) →
𝐾𝑖 (𝑡) and 𝐾𝑚 (𝑡) by (A9) → 𝐹𝑚 (𝑡) by (A10) → 𝜑(𝑡) by (8) → 𝑝𝑚(𝑡) by (26) → 𝜋𝑚 (𝑡)
by (27) → 𝑦̂(𝑡) by (17)→ 𝑐𝑖 (𝑡), 𝑐𝑚 (𝑡) and 𝑠(𝑡) by (20).
For illustration, the model is simulated. We first solve (26). For solving the problem, we
specify 𝜉0 = 1/2. The specified value is assumed in the rest of the paper. With this
specification, we have (26) in the following form:
𝜆̅
𝜉̅
𝜉 ̅ 𝑦̃(𝑡)
2 (𝑡)
( −
) 𝑝𝑚 (𝑡) + 𝑝𝑚
=
𝜉 𝜉 𝑁̄
𝜉 𝐹𝑚 (𝑡)
We solved the above equation and obtain the following unique relation between 𝑝𝑚 and 𝐹𝑚
and 𝑦̃ ∶
1/2

𝑝𝑚

𝜉 ̅ 𝑦̃
= (𝜆1̅2 + (
))
𝜉 𝐹𝑚

− 𝜆1̅ ,

where
𝜆1̅ ≡ ( 𝜆̅ −

𝜉̅
1
)
.
𝑁̄ 2 𝜉

Equation (30) and the Lemma imply:
Ψ𝑥 (𝑥, 𝑘̅ ) ≡ ( 𝐹𝑚

𝜕 𝑝𝑚
𝜕 𝐹𝑚

+ 𝐺)

𝛽𝑚 𝐹𝑚
𝑁𝑚

1 𝜕 𝑝𝑚

− (̄

𝑁 𝜕 𝑦̃

+ 1) 𝑤 = 0

(33)

The equilibrium condition for (20) means:
Ψ𝑘 (𝑥, 𝑘̅ ) ≡ (𝑃𝜉0 + 𝜉) 𝜆0 𝑦̂ Λ − 𝑘̄ = 0

(34)

With (33) and (34) we get 𝑥 and 𝑘̅. To determine all the equilibrium values of the variables
we specify, we take on the following values of the rest parameters:
= ,
= ,
= . ,
= . ,
= .
= . ,
= . ,
𝛼𝑚 = 0.3, 𝛽𝑚 = 0.7, 𝑛 = 10, 𝑎𝑁 = 0.4, 𝜆0 = 0.7, 𝜉𝑖 = 0.5, 𝜉𝑚 = 0.5,
𝛿𝑘 = 0.05
(35)
We specify the population at 10 and the human capital at 3. The number of varieties of
intermediate inputs is 10. We do not refer the specified values of the parameters to a real
economy. We try to obtain some insights into economic mechanism of growth by analyzing
effects of different values of these parameters on the economic system. The existence of an
equilibrium point of (33) and (34) is illustrated in Figure 1.
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Figure 1. The Contours of the Two Curves

The simulation identifies the values of the two variables as follows:
𝑥 = 1.366, 𝑘̅ = 29.39
The corresponding equilibrium values are listed as follows:
𝐾 = 293.9.59, 𝑌 = 405.2, 𝐹𝑚 = 7.11, 𝑁𝑚 = 3.73, 𝐾𝑚 = 32.14, 𝐹𝑖 = 243.9,
𝐾𝑖 = 261.8, 𝑋𝑖 = 10.98, 𝑁𝑖 = 20.81, 𝑁𝑥 = 5.46, 𝑥 = 1.37, 𝜋0 = 19.92,
𝜋𝑚 = 26.25, 𝑟 = 0.183, 𝑤 = 4.69, 𝑝𝜖 = 6.25, 𝑝𝑚 = 7.2, 𝑦̂ = 71.38,
𝑘̅ = 29.39, 𝑐𝑖 = 36.87, 𝑐𝑚 = 0.71, 𝑈 = 127.4
(36)
In (36), the national income is defined as:
̅ + 𝜋𝑚 + 𝜋̅.
𝑌 = 𝑟𝐾 + ℎ𝑤𝑁
Solow’s goods sector has zero profit under the assumption of perfect competition. The firms
of monopolistic competition and monopoly earn positive profits. We now study how the
equilibrium structure is shifted as we vary the parameter values.
4. Comparative Static Analysis
In the previous section we determined the economic structure. This section shows how
changes in some parameter values affect the national economy. As the Lemma provides a
computational procedure to calibrate the model, we can easily give the effects of shifts in any
parameter value on the long-term economic structure. We introduce a variable 𝛥̄𝑥 to stand
for the change rate of the variable 𝑥 in percentage due to a given change in the parameter
value.
4.1 The Total Factor Productivity of the Monopoly is Increased
We first examine what happen to the economic structure if the monopoly enhances its total
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factor productivity as follows: 𝐴𝑚 = 1 to 1.1. We list the effects on the system in (37):
∆̅𝐾 = ∆̅𝑌 = 0.02, ∆̅𝐹𝑚 = 18.9, ∆̅𝑁𝑚 = 8.07, ∆̅𝐾𝑚 = 8.24, ∆̅𝐹𝑖 = −1.11,
∆̅𝐾𝑖 = −1, ∆̅𝑋𝑖 = −0.34, ∆̅𝑁𝑖 = ∆̅𝑁𝑥 = −1.14, ∆̅𝑥 = −1.14, ∆̅𝜋0 = −1.1,
∆̅𝜋𝑚 = 8.7, ∆̅𝑟 = −0.15, ∆̅𝑤 = 0.04, ∆̅𝑝𝜖 = 0.04, ∆̅𝑝𝑚 = −8.8, ∆̅𝑦̂ = 0.02,
∆̅𝑘̅ = 0.02, ∆̅𝑐𝑖 = −1.15, ∆̅𝑐𝑚 = 18.9, ∆̅𝑈 = 1.21
(37)
The monopoly produces more output and employs more labor force and capital stock. Its
profit is increased in association with fall in its price. The national capital and national
income are augmented. The final goods sector produces less and employs less capital,
intermediate goods and labor force. The representative firm in the intermediate sector
employs less labor force and produces less. Its profit falls in association of a slight rise in its
price. The wage rate is enhanced. The interest rate is reduced. The household’s disposable
income and wealth are increased. The household consumes fewer final goods but more
monopoly product. The utility level is enhanced.
4.2 The Total Factor Productivity of the Final Goods Sector is Increased
We now examine what happen to the economic structure if the final goods sector’s total factor
productivity rises as follows: 𝐴𝑖 = 1.1 to 1.15. We have the following effects as in (38):
∆̅𝐾 = ∆̅𝑌 = 6.1, ∆̅𝐹𝑚 = −1.65, ∆̅𝑁𝑚 = −3.36, ∆̅𝐾𝑚 = 2.48, ∆̅𝐹𝑖 = 6.6,
̅ 𝑁𝑖 = 0.47, ∆̅𝑁𝑥 = 0.47, ∆̅𝑥 = 0.47, ∆̅𝜋0 = 6.6,
∆̅𝐾𝑖 = 6.54, ∆̅𝑋𝑖 = 0.14, ∆
̅ 𝑤 = 6.09, ∆̅𝑝𝜖 = 6.09, ∆̅𝑝𝑚 = 4.12, ∆̅𝑦̂ = 6.1,
∆̅𝜋𝑚 = 2.28, ∆̅𝑟 = 0.06, ∆
̅
̅
̅ 𝑈 = 10.06.
∆𝑘 = 6.1, ∆̅𝑐𝑖 = 6.6, ∆̅𝑐𝑚 = −1.65, ∆
(38)
The monopoly produces less output and employs less labor force but more capital stock. Its
profit is increased in association with rise in its price. The national capital and national
income are augmented. The final goods sector produces more and employs more capital,
intermediates and labor force. The representative firm in the intermediate sector employs
more labor force and produces more. Its profit is increased in association of rise in its price.
The wage rate is enhanced. The interest rate is increased. The household’s disposable income
and wealth are increased. The household consumes more final goods but less monopoly
product. The utility level is enhanced.
4.3 A rise in Output Elasticity of Intermediate Inputs in the Final Goods Production
We now examine the impact of the following rise in output elasticity of intermediate inputs:
𝜃 = 0.3 ⇒ 0.305. The effects on the variables are listed in (39):
∆̅𝐾 = ∆̅𝑌 = −6.48, ∆̅𝐹𝑚 = −0.3, ∆̅𝑁𝑚 = 1.6, ∆̅𝐾𝑚 = −4.65, ∆̅𝐹𝑖 = 5.8,
∆̅𝐾𝑖 = −6.7, ∆̅𝑋𝑖 = 0.49, ∆̅𝑁𝑖 = −0.57, ∆̅𝑁𝑥 = ∆̅𝑥 = 1.08, ∆̅𝜋0 = −8.02,
̅ 𝑤 = −5.3 , ∆̅𝑝𝜖 = −6.8, ∆̅𝑝𝑚 = −3.4,
∆̅𝜋𝑚 = −3.55, ∆̅𝑟 = 1.21, ∆
̅ 𝑈 = −10.4.
∆̅𝑦̂ = −6.5, ∆̅𝑘̅ = −6.5, ∆̅𝑐𝑖 = −6.9, ∆̅𝑐𝑚 = −0.31, ∆
(39)
The intermediate sector produces more and employs more labor force. The price of
intermediates is reduced and the profit of the representative firm in the sector falls. The
national income and national output fall. The monopoly produces less output and employs
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more labor force but less capital stock. Its profit is reduced in association with fall in its price.
The final goods sector produces more output and employs less capital, and labor force but
more intermediates. The wage rate is reduced. The interest rate is increased. The household’s
disposable income and wealth are reduced. The household consumes fewer final goods and
monopoly product. The utility level is reduced.
4.4 A rise in Cost of Intermediate Production
We now examine the impact of the following rise in cost of intermediate production:
𝑎𝑁 = 0.4 ⇒ 0.42. We get the effects as in (40):
∆̅𝐾 = ∆̅𝑌 = −2.25, ∆̅𝐹𝑚 = 0.63, ∆̅𝑁𝑚 = 1.32, ∆̅𝐾𝑚 = −0.94, ∆̅𝐹𝑖 = −2.43,
∆̅𝐾𝑖 = −2.41, ∆̅𝑋𝑖 = −1.51, ∆̅𝑁𝑖 = ∆̅𝑁𝑥 = −0.19, ∆̅𝑥 = −5, ∆̅𝜋0 = −2.4,
∆̅𝜋𝑚 = −0.9, ∆̅𝑟 = −0.02, ∆̅𝑤 = −2.3, ∆̅𝑝𝜖 = 2.64, ∆̅𝑝𝑚 = −1.5,
∆̅𝑦̂ = −2.3, ∆̅𝑘̅ = −2.3, ∆̅𝑐𝑖 = −2.4, ∆̅𝑐𝑚 = 0.6, ∆̅𝑈 = −3.6.
(40)
The intermediate sector produces less and employs less labor force. The price of
intermediates is increased but the profit of the representative firm in the sector falls. The
national income and national output fall. The monopoly produces more output and employs
more labor force but less capital stock. Its profit is reduced in association with fall in its price.
The final goods sector produces less output and employs less capital, intermediates and labor
force. The wage rate is reduced. The interest rate is decreased. The household’s disposable
income and wealth are reduced. The household consumes less final goods but more
monopoly product. The utility level is reduced.
4.5 A Rise in the Share of Monopoly Product in the Utility Function
We now examine the impact of the following rise in share of monopoly product in the utility
function: 𝜉𝑚 = 0.5 ⇒ 0.51. We get the effects as in (41):
∆̅𝐾 = ∆̅𝑌 = 0.004, ∆̅𝐹𝑚 = 3.33, ∆̅𝑁𝑚 = 3.31, ∆̅𝐾𝑚 = 3.37, ∆̅𝐹𝑖 = −0.46,
∆̅𝐾𝑖 = −0.4, ∆̅𝑋𝑖 = −0.14, ∆̅𝑁𝑖 = ∆̅𝑁𝑥 = −0.5, ∆̅𝑥 = −0.5, ∆̅𝜋0 = −0.46,
∆̅𝜋𝑚 = 3.51, ∆̅𝑟 = −0.06, ∆̅𝑤 = 0.02, ∆̅𝑝𝜖 = 0.02, ∆̅𝑝𝑚 = 0.1, ∆̅𝑦̂ = 0.004,
∆̅𝑘̅ = 0.004, ∆̅𝑐𝑖 = −0.47, ∆̅𝑐𝑚 = 3.33, ∆̅𝑈 = 0.49.
(41)
The monopoly produces more output and employs more labor force and capital stock. Its
profit is increased in association with rise in its price. The national capital and national
income are slightly augmented. The final goods sector produces less and employs less capital,
intermediates and labor force. The representative firm in the intermediate sector employs less
labor force and produces less. Its profit falls in association of rise in its price. The wage rate
is enhanced. The interest rate is reduced. The household’s disposable income and wealth are
slightly increased. The household consumes fewer final goods but more monopoly product.
The utility level is enhanced.
4.6 A Rise in the Share of Final Goods in the Utility Function
We now examine the impact of the following rise in share of monopoly product in the utility
function: 𝜉𝑖 = 0.5 ⇒ 0.51. We get the effects as in (42):
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∆̅𝐾 = ∆̅𝑌 = −0.003, ∆̅𝐹𝑚 = −3.2, ∆̅𝑁𝑚 = −3.2, ∆̅𝐾𝑚 = −3.3, ∆̅𝐹𝑖 = 0.44,
∆̅𝐾𝑖 = 0.4, ∆̅𝑋𝑖 = 0.14, ∆̅𝑁𝑖 = 0.5, ∆̅𝑁𝑥 = 0.5, ∆̅𝑥 = 0.5, ∆̅𝜋0 = 0.44,
∆̅𝜋𝑚 = −3.4, ∆̅𝑟 = 0.05, ∆̅𝑤 = −0.01, ∆̅𝑝𝜖 = −0.01, ∆̅𝑝𝑚 = −0.1,
∆̅𝑦̂ = −0.002, ∆̅𝑘̅ = −0.003, ∆̅𝑐𝑖 = 0.46, ∆̅𝑐𝑚 = −3.2, ∆̅𝑈 = 3.55.
(42)
The final goods sector produces more, employs more capital stock, labor force and
intermediates. The monopoly produces less output and employs less labor force and capital
stock. Its profit is reduced in association with fall in its price. The national capital and
national income are reduced. The representative firm in the intermediate sector employs more
labor force and produces more. Its profit rises in association of fall in its price. The wage rate
is reduced. The household’s disposable income and wealth are slightly decreased. The
household consumes more final goods but less monopoly product. The utility level is
increased in association.
4.7 A Rise in the Propensity to Save
We now examine the impact of the following rise in share of monopoly product in the utility
function: λ0 = 0.7 ⇒ 0.71. We get the effects as in (43):
∆̅𝐾 = 1.84, ∆̅𝑌 = 0.36, ∆̅𝐹𝑚 = 0.54, ∆̅𝑁𝑚 = −0.02, ∆̅𝐾𝑚 = 1.83, ∆̅𝐹𝑖 = 0.46,
∆̅𝐾𝑖 = 1.85, ∆̅𝑋𝑖 = 0.001, ∆̅𝑁𝑖 = ∆̅𝑁𝑥 = ∆̅𝑥 = 0.002, ∆̅𝜋0 = 0.46,
∆̅𝜋𝑚 = 0.5, ∆̅𝑟 = −1.74, ∆̅𝑤 = 0.46, ∆̅𝑝𝜖 = 0.46, ∆̅𝑝𝑚 = −0.07, ∆̅𝑦̂ = 1,
∆̅𝑘̅ = 1.85, ∆̅𝑐𝑖 = 0.41, ∆̅𝑐𝑚 = 0.54, ∆̅𝑈 = 5.23
(43)
The final goods sector produces more, employs more capital stock, labor force and
intermediates. The monopoly produces more output, employs less labor force but more
capital stock. Its profit is increased in association with fall in its price. The national capital
and national income are augmented. The representative firm in the intermediate sector
employs more labor force and produces more. Its profit is increased in association of rise in
its price. The wage rate is enhanced. The household’s disposable income and wealth are
augmented. The household consumes more final goods and monopoly product. The utility
level is increased.
4.8 A Rise in the Population
We now examine the impact of the following rise in share of monopoly product in the utility
function: N0 = 10 ⇒ 11. We get the effects as in (44):
∆̅𝐾 = ∆̅𝑌 = 10.01, ∆̅𝐹𝑚 = 9.92, ∆̅𝑁𝑚 = 9.92, ∆̅𝐾𝑚 = 9.92, ∆̅𝐹𝑖 = 10.01,
̅ 𝑋𝑖 = 2.9, ∆̅𝑁𝑖 = ∆̅𝑁𝑥 = 10.01, ∆̅𝑥 = 10.02, ∆̅𝜋0 = 10.01,
∆̅𝐾𝑖 = 10.01, ∆
̅ 𝑝𝑚 = 0.04, ∆
̅ 𝑦̂ = 0.01,
∆̅𝜋𝑚 = 5.2, ∆̅𝑟 = −0.01, ∆̅𝑤 = ∆̅𝑝𝜖 = 0.001, ∆
∆̅𝑘̅ = 0.01, ∆̅𝑐𝑖 = 0.01, ∆̅𝑐𝑚 = −0.08, ∆̅𝑈 = 0.007
(44)
The national economic variables are increased almost in the same proportion with the change
rate in the population. The microeconomic variables are slightly affected. The effects on the
system are different from the standard Solow-Uzawa neoclassical growth model in which the
interest rate, wage rate and microeconomic variables in terms of per household are not
affected in long-term equilibrium.
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4.9 The Monopoly’s Output Elasticity of Capital is Increased
We now examine the impact of the following rise in share of monopoly product in the utility
function: 𝛼𝑚 = 0.3 ⇒ 0.31. We get the effects as in (45):
∆̅𝐾 = ∆̅𝑌 = −0.11, ∆̅𝐹𝑚 = 8.4, ∆̅𝑁𝑚 = 3.7, ∆̅𝐾𝑚 = 6.7, ∆̅𝐹𝑖 = −0.64,
̅ 𝑁𝑖 = −0.53, ∆̅𝑁𝑥 = −0.53, ∆̅𝑥 = −0.53,
∆̅𝐾𝑖 = −0.96, ∆̅𝑋𝑖 = −0.16, ∆
∆̅𝜋0 = −0.64, ∆̅𝜋𝑚 = 2.9, ∆̅𝑟 = 0.4, ∆̅𝑤 = −0.1, ∆̅𝑝𝜖 = −0.1, ∆̅𝑝𝑚 = −4.3,
∆̅𝑦̂ = −0.12, ∆̅𝑘̅ = − 0.12, ∆̅𝑐𝑖 = −0.66, ∆̅𝑐𝑚 = 8.4, ∆̅𝑈 = 0.34,
(45)
The monopoly produces more output and employs more labor force and capital stock. Its
profit is increased in association with fall in its price. The national capital and national
income are reduced. The final goods sector produces less and employs less capital,
intermediates and labor force. The representative firm in the intermediate sector employs less
labor force and produces less. Its profit falls in association of fall in its price. The wage rate is
decreased. The interest rate is increased. The household’s disposable income and wealth are
reduced. The household consumes fewer final goods but more monopoly product. The utility
level is enhanced.
4.10 The Monopoly’s Output Elasticity of Labor is Increased
We now examine the impact of the following rise in share of monopoly product in the utility
function: 𝛽𝑚 = 0.3 ⇒ 0.31. The effects on the variables are listed in (46):
∆̅𝐾 = ∆̅𝑌 = −1.8, ∆̅𝐹𝑚 = 4.17, ∆̅𝑁𝑚 = 3.21, ∆̅𝐾𝑚 = 1.79, ∆̅𝐹𝑖 = − 0.45,
̅ 𝑁𝑖 = ∆̅𝑁𝑥 = ∆̅𝑥 = −4.5, ∆̅𝜋0 = −0.44,
∆̅𝐾𝑖 = −0.42, ∆̅𝑋𝑖 = −0.14, ∆
∆̅𝜋𝑚 = 0.93, ∆̅𝑟 = −0.03, ∆̅𝑤 = 0.01, ∆̅𝑝𝜖 = 0.01, ∆̅𝑝𝑚 = −2.2,
∆̅𝑦̂ = −1.8, ∆̅𝑘̅ = −1.8, ∆̅𝑐𝑖 = −0.46, ∆̅𝑐𝑚 = 4.18, ∆̅𝑈 = −0.02

(46)

The monopoly produces more output and employs more labor force and capital stock. Its
profit is increased in association with fall in its price. The national capital and national
income are reduced. The final goods sector produces less and employs less capital,
intermediates and labor force. The representative firm in the intermediate sector employs less
labor force and produces less. Its profit falls in association of rise in its price. The wage rate
is increased. The interest rate is decreased. The household’s disposable income and wealth are
reduced. The household consumes fewer final goods but more monopoly product. The utility
level is reduced. As far as variable change directions are concerned, rises in the output
elasticities of capital and labor have the opposite effects on the interest rate, wage rate, utility,
and the price of intermediates, but the same effects on the other variables.
4.11 A Rise in Degree of Specialization
We now examine what happen to the economic structure as we change the degree of
specialization as follows: 𝑛 = 10 ⇒ 11. The effects on the variables are listed in (47):
∆̅𝐾 = ∆̅𝑌 = 10.9, ∆̅𝐹𝑚 =
̅
∆𝐾𝑖 = 11.7, ∆̅𝑋𝑖 = 7.16,
∆̅𝜋𝑚 = 4.03, ∆̅𝑟 = 0.1, ∆̅𝑤

−2.88, ∆̅𝑁𝑚 = −5.8, ∆̅𝐾𝑚 = 4.36, ∆̅𝐹𝑖 = 11.8,
̅ 𝑥 = −8.34, ∆̅𝜋0 = 1.66,
∆̅𝑁𝑖 = ∆̅𝑁𝑥 = 0.83, ∆
= 10.9, ∆̅𝑝𝜖 = 10.9, ∆̅𝑝𝑚 = 7.3, ∆̅𝑦̂ = 10.9,
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∆̅𝑘̅ = 10.9,

∆̅𝑐𝑖 = 11.9, ∆̅𝑐𝑚 = −2.88, ∆̅𝑈 = 18.3

(47)

The monopoly produces less output and employs less labor force but more capital stock. Its
profit is increased in association with rise in its price. The national capital and national
income are augmented. The final goods sector produces more and employs more capital,
intermediate goods and labor force. The representative firm in the intermediate sector
employs more labor force and produces less. Its profit rises in association of rise in its price.
The wage rate is enhanced. The interest rate is increased. The household’s disposable income
and wealth are increased. The household consumes more final goods but less monopoly
product. The utility level is enhanced.
4.12 An Improvement in Human Capital
We fisrt study what happen to the economic system if the degree of specialization is increased
as follows: ℎ = 3 ⇒ 3.1. The effects on the variables are listed in (48):
∆̅𝐾 = ∆̅𝑌 = 3.3, ∆̅𝐹𝑚 = 3.3, ∆̅𝑁𝑚 = 3.3, ∆̅𝐾𝑚 = 3.3, ∆̅𝐹𝑖 = 3.3,
∆̅𝐾𝑖 = 3.3, ∆̅𝑋𝑖 = 1, ∆̅𝑁𝑖 = ∆̅𝑁𝑥 = ∆̅𝑥 = 3.3, ∆̅𝜋0 = 3.3,
∆̅𝜋𝑚 = 3.3, ∆̅𝑟 = −0.001, ∆̅𝑤 = ∆̅𝑝𝜖 = 0.0003, ∆̅𝑝𝑚 = 0.01, ∆̅𝑦̂ = 3.3,
∆̅𝑘̅ = 3.3, ∆̅𝑐𝑖 = 3.3, ∆̅𝑐𝑚 = 3.3, ∆̅𝑈 = 5.7.
(48)
All the variables are increased except the capital cost.
5. Concluding Remarks
This paper examined interdependence between economic growth and changes of market
structures. It constructed a growth model of monopoly, perfect competition, and monopolistic
competition with the growth mechanism of neoclassical growth theory. The model was
established by integrating a few well-established economic theories. The model was framed
with the Solow-Uzawa growth model with economic structure. The monopolistic competition
is described as in the monopolistic competition Dixit-Stiglitz model. The monopoly is
described in the same way as in standard monopoly theory. The behavior of the household
was described with Zhang’s utility function and concepts of current and disposable incomes.
The paper made a unique contribution to the literature of economic structural change and
growth by integrating these theories in a single formal framework. The model contains the
endogenous determination of profits of monopolistic competition and monopoly. These
profits were homogenously distributed among the population. As our model is constructed
with some economic theories and each theory has a great number of research papers, we can
extend and generalize our model by following some ideas in the extensive literature.
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Appendix
A1: Solving the Consumer Problem
We optimize the utility function (19) subject to (18). We define the following Lagrangian
function:
𝜉

𝜉

1/𝜉0

𝐿 = (𝜉𝑚 𝑐𝑚0 + 𝜉𝑖 𝑐𝑖 0 )

𝑠

𝜆0

+ 𝑏 (𝑦̂ − 𝑝𝑚 𝑐𝑚 − 𝑐𝑖 − 𝑠)

(A1)

Maximizing L, we get
𝜕𝐿
𝜕𝑐𝑚

𝜉 −1

=
𝜕𝐿
𝜕𝑐𝑖

𝜉𝑚 𝑐𝑚0
𝜉

𝜉

𝜉𝑚 𝑐𝑚0 + 𝜉𝑖 𝑐𝑖 0

−

𝑝𝑚 𝑏
𝑈

𝜉 −1

=
𝜕𝐿
𝜕𝑠

𝜉𝑖 𝑐𝑖 0
𝜉
𝜉𝑚 𝑐𝑚0

=

𝜉
+ 𝜉𝑖 𝑐𝑖 0

𝜆0
𝑠
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−

𝑏
𝑈

−

𝑏
𝑈

=0

=0

(A2)

=0

(A3)
(A4)
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𝜕𝐿

= 𝑦̂ − 𝑝𝑚 𝑐𝑚 − 𝑐𝑖 − 𝑠 = 0

𝜕𝑏

(A5)

From (A2) and (A3) we have:
𝑐𝑚
𝑐𝑖

= 𝑃 ≡ 𝜉

1
(𝜉0 −1)

1
(𝜉0 −1)

𝑝𝑚

(A6)

=0

(A7)

where 𝜉 ≡ 𝜉𝑖 /𝜉𝑚 . Insert (A6) in (A3):
𝜉𝑖

−

(𝜉𝑚 𝑃𝜉0 + 𝜉𝑖 )

𝑐𝑖 𝑏
𝑈

From (A4)-(A7) we solve:
𝑈
𝑏

𝑃𝜉0 + 𝜉

= (

) 𝑦̂

(A8)

) 𝜆0 𝑦̂

(A9)

𝜉 𝑝𝑚 𝑃 + 𝜆0 𝑃𝜉0 + 𝜉 + 𝜆0 𝜉

From (A8) and (A4), we have:
𝑃𝜉0 + 𝜉

𝑠= (

𝜉 𝑝𝑚 𝑃 + 𝜆0 𝑃𝜉0 + 𝜉 + 𝜆0 𝜉

By (A8), (A2) and (A3) we solve:
𝜉 𝑦̂

𝑐𝑖 =

𝜉 𝑝𝑚 𝑃 + 𝜆0 𝑃𝜉0 + 𝜉 + 𝜆0 𝜉

𝑐𝑚 =

𝜉 𝑃 𝑦̂
𝜉 𝑝𝑚 𝑃 + 𝜆0 𝑃𝜉0 + 𝜉 + 𝜆0 𝜉

(A10)
(A11)

A2: Checking the Lemma
By (3) and (28) we obtain
𝑧 ≡

𝑟+𝛿𝑘
𝑤

=

𝛽̄𝑖 𝑁𝑖
𝐾𝑖

=

𝛽̄𝑚 𝑁𝑚
𝐾𝑚

(A1)

where 𝛽̄𝑥 ≡ 𝛼𝑥 /𝛽𝑥 . From (12) we have:
𝑝𝜀 =

𝑎𝑁 𝑤
𝜃

(A2)

From (3), we have:
𝑤 =

𝛽𝑖 𝑝𝜀 𝑛 𝑥
𝛾𝑖 𝜃 𝑁𝑖

(A3)

where we apply (14). With (A2) and (A3), we get:
𝑁𝑖 = 𝑎 𝑥

(A4)

where
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𝑎 ≡

𝛽𝑖 𝑛 𝑎𝑁
𝛾𝑖 𝜃 2

By (2) we have:
𝛽𝑖 +𝛼𝑖 +𝛾𝑖

𝐹𝑖 = 𝐴𝑖 𝑁𝑖

𝛼𝑖

𝐾

𝑋

( 𝑖) ( 𝑖)
𝑁𝑖

𝛾𝑖

(A5)

𝑁𝑖

Insert (A1) and (A4) in (A5):
𝛼𝑖
𝛽̄

𝐹𝑖 (𝑥, 𝑧) = 𝐴𝑖 (𝑎 𝑥)𝛽𝑖 +𝛼𝑖 +𝛾𝑖 ( 𝑖 ) (
𝑧

𝑛 𝑥 𝜃−1
𝑎

𝛾𝑖

)

(A6)

From (3) and (A4), we have:
𝑤(𝑥, 𝑧) =

𝛽𝑖 𝐹𝑖 (𝑥,𝑧)

(A7)

𝑎𝑥

From (A4) and (30) we get:
̅ − (𝑎𝑁 𝑛 + 𝑎) 𝑥
𝑁𝑚 (𝑥) = ℎ 𝑁

(A8)

From (A1) and (A4) we have:
𝐾𝑖 (𝑥, 𝑧) =

𝛽̄𝑖 𝑎 𝑥
𝑧

, 𝐾𝑚 (𝑥, 𝑧) =

𝛽̄𝑚 𝑁𝑚

(A9)

𝑧

Insert (A8) and (A9) in (23):
𝐹𝑚 (𝑥, 𝑧) = 𝐴𝑚 𝑁𝑚 (

𝛼
𝛽̄𝑚 𝑚
𝑧

)

(A10)

Insert (A9) in (31):
𝑘̅(𝑥, 𝑧) =

𝛽̄𝑖 𝑎 𝑥+ 𝛽̄𝑚 𝑁𝑚
𝑧 𝑁̄

(A11)

Fom (3) we have:
𝑟(𝑥, 𝑧) = 𝑤 𝑧 − 𝛿𝑘

(A12)

By (28), we have:
𝐻(𝑥, 𝑧) ≡ ( 𝐹𝑚

𝜕𝐺
𝜕 𝐹𝑚

+ 𝐺)

𝛽𝑚 𝐹𝑚
𝑁𝑚

1 𝜕𝐺

− (̄

𝑁 𝜕 𝑦̃

+ 1) 𝑤 = 0

(A13)

Assume that 𝐻(𝑥, 𝑧) = 0 has a unique solution, given by 𝑧 = 𝜑(𝑥). Insert this solution in
(A11):
𝑘̅ = 𝜑̅(𝑥) ≡

𝛽̄𝑖 𝑎 𝑥+ 𝛽̄𝑚 𝑁𝑚
𝜑 𝑁̄

(A14)

We can straightforwardly confirm that we represent all the variables as functions of 𝑥 by the
following procedure: 𝑘̄ with (A14) → 𝑧 by (A11) → 𝐾 = 𝑘̄𝑁̄ →𝐹𝑖 by (A6) → 𝑤 by
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(A7) → 𝑟 by (A12) → 𝜋 by (13) → 𝜋̄ by (15) → 𝑋𝑖 by (14) → 𝑝𝜀 by (A2) → 𝑁𝑖 by
(A4) → 𝑁𝑚 by (A8) → 𝐾𝑖 and 𝐾𝑚 by (A9) → 𝐹𝑚 by (A10) → 𝜑 by (8) → 𝑝𝑚 by (26)
→ 𝜋𝑚 by (27) → 𝑦̂ by (17)→ 𝑐𝑖 , 𝑐𝑚 and 𝑠 by (20). From this procedure and (21) we
have:
𝑘̄̇ = 𝑓(𝑥) ≡ 𝑠 − 𝑘̄.

(A15)

Derive (A14) in time:
𝑘̄̇ =

̅
𝑑𝜑
𝑑𝑥

𝑥̇ .

(A16)

From (A15) and (A16), we have:
𝑥̇ = (

̅ −1
𝑑𝜑
𝑑𝑥

)

𝑓

(A17)

In summary, we proved the Lemma.
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