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Abstract

In this note we examine the debt to GDP ratio from the perspective of MMT (Modern
Monetary Theory) by a simple macroeconomic model with savings by government bonds
instead of money. Mainly we will show the following results. 1) In order to maintain full
employment under economic growth, the budget deficit, including interest payments on
government bonds, must be positive; and if the budget deficit is smaller than this value, there
will be recession with involuntary unemployment. 2) Under full employment the debt to GDP
ratio approaches to a finite value over time. 3) In the underemployment case the national
income is determined by the budget deficit. 4) The excessive budget deficit causes inflation.
6) In order to recover full employment from recession we need budget deficit larger than that
when full employment is maintained. 5) The budget deficit, including interest payments on
government bonds, equals the increase of the savings of consumers between periods
(generations); and this result holds whether we have full employment or not, whether we
have inflation or not. Then, the ratio of the national debt to GDP in a period is smaller than
one, and even if one period constitutes of several years, the debt to GDP ratio in a year is
finite.
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1. Introduction

Our several previous studies have examined Functional Finance Theory (Lerner (1943,
1944), Wray (2018)), and MMT (Modern Monetary Theory, Wray (2015), Mitchell, Wray and
Watts (2019), Kelton (2020))!. In these studies, according to, for example, Otaki (2005, 2007,
2009, 2015), we have examined the fiscal policy debate in several models: the static model,
the overlapping generations model of perfect competition under constant returns to scale
technology, the overlapping generations model of perfect competition under decreasing

! Other references for MMT are Shimakura (2019), Mochizuki (2020), Morinaga (2020), Nakano (2020) and
Park (2020). These are introductory texts for MMT written in Japanese.
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returns to scale technology with positive profits, and an overlapping generations model of
monopolistic competition (oligopoly with differentiated goods) with positive profits, with or
without pay-as-you-go pensions for the older generation of consumers, with or without
unemployment insurance, and with or without consumption in childhood period before the
younger (working) period. In these models, we studied the problems caused by budget
deficits from the perspective of functional fiscal theory and MMT, based on the
microeconomic foundations of consumer and firm behavior: utility maximization for
consumers under budget constraints and profit maximization for firms?. This note, on the
other hand, discusses the effects of budget deficits using a very simple macroeconomic model
without microeconomic foundation.

We think that the essence of MMT with respect to fiscal policy lies in the following two
points.

1. ““We don't need funding for fiscal spending” and ‘’Taxes are not a source of funding for
fiscal spending™.

From a macroeconomic perspective, fiscal spending serves to increase demand for goods,
while taxes serve to decrease demand by reducing disposable income of consumers. In order
to achieve full employment and stable growth without causing inflation, an appropriate
balance between the size of fiscal spending and taxes is necessary, not the need for taxes to
finance fiscal spending.

2. There is no need to pay off the national debt with taxes.

The central bank could buy up all government bonds. This may have the effect of lowering
interest rates, but it will not increase people's assets or income (unless the central bank buys
them at a price above face value), so it will not directly increase demand for goods, and it will
not cause high inflation. If implemented during a recession, it will not cause low inflation
either. Government bonds, like bank time deposits, are money in the broad sense ("liquidity
in the broad sense"), and the central bank's purchase of government bonds does not increase
the money supply in that sense, and thus does not cause inflation even from the standpoint of
the quantity theory of money.

Mainly we will prove the following results.

1) Economic growth with full employment

In order to maintain full employment under economic growth, the budget deficit, including
interest payments on government bonds, must be positive. (Proposition 1)

If the budget deficit is smaller than the value which is necessary to maintain full employment,
there will be recession with involuntary unemployment. (Proposition 2)

2) Debt to GDP ratio

Under full employment with constant price the debt to GDP ratio approaches to a finite
value. (Proposition 3)

3) Underemployment case

1. The real national income is determined by the budget deficit given the marginal propensity

2 Please see Tanaka (2021a, 2021b, 2021c, 2021d, 2021e).
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to consume, the savings carried over from the previous period and tax. (Proposition 4)

2. The real national income is determined by the budget deficit given the marginal propensity
to consume, the savings carried over from the previous period and the fiscal spending.
(Proposition 5)

4) Inflation by the excessive budget deficit
The excessive budget deficit causes inflation. (Proposition 6)
5) Recovery from recession

In order to recover full employment from recession we need budget deficit larger than that
when full employment is maintained. (Proposition 7)

The excessive budget deficit to recover recession is a short-run problem. It does not affect the
long-run value of the debt to GDP ratio.

6) The budget deficit and the savings by consumers

The budget deficit, including interest payments on government bonds, equals the increase of
the savings of consumers between periods (generations). (Proposition 8) Note that the budget
deficit is an independent variable, and the savings as well as income are dependent variables.
This result holds whether we have full employment or not, whether we have inflation or not.
(Proposition 9) It implies that in any case the accumulated budget deficit at the end of each
period equals the savings of consumers in that period. Then, the ratio of the national debt to
GDP in a period is smaller than one, and even if one period constitutes of several years, the
debt to GDP ratio in a year is finite. Also we will show that the debt to GDP ratio approaches
to a finite value under full employment with inflation. In Appendix we briefly consider a case
where investment is a function of the interest rate.

2. Analyses
2.1 Economic Growth With Full Employment

We consider a simple macroeconomic model without microeconomic foundation of
consumers and firms. We assume that the economy grows between periods (or generations) at
the rate of y —1 > 0. Let ¥ be the full employment real national income in Period 1. It
increases from a period to the next period at the rate of y — 1. The price of the goods is one.
The issue of inflation will be considered in a later sub-section. The consumption function in
this period under full employment is

C=Co+aYy —T).
C is the real consumption. C, is the constant part of C. T is the tax. a is the marginal
propensity to consume. 0 < a < 1. The national income in this period satisfies the following
equation.
Yp=C+I1+G=Co+alYy —T)+1+G. (1)
G is the real government expenditure. [ is an investment of firms. No detailed analysis of
investment is given. The savings of the consumers in this period is
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A-—a)(¥=T) -1

We suppose that the savings are made not in money but in government bonds, which generate
interest at the rate of ». We can assume that C,, is financed by the savings of the previous
generation consumers. Then,

1+r
C0=T[(1—a)(Yf—T)—I]>O.

Investment and tax also increase at the rate of y — 1. From (1)

G-T=L

;‘r [(1 - &)(¥; —T)—1] > 0.

This is rewritten as

G—T+$[(1—a)(yf—r)—1]=Vy;1[(1—a)(Yf—T)—1]. 2)

The left-hand side is the budget deficit, including interest payments on government bonds.

Therefore, (2) means

Proposition 1. In order to maintain full employment under economic growth, the budget
deficit, including interest payments on government bonds, must be positive.

(2) also implies the following result.

Proposition 2. If the budget deficit is smaller than the value in (2), there will be recession
with involuntary unemployment.

2.2.Debt to GDP Ratio

We assume that full employment continues to be maintained under constant price. The
economy begins in Period 0. In that period, we have C, = 0, and the budget deficit is

Ye-r —1[1—a)(y —T)—1]
y( )—y( f :

In Period 2 we have
yG-T)+r[A-a)¥;-T)—-I]=F¢-D[A-a)(¥—T) —1I].

Generally, in Period n the budget deficit is
yUHE-T)+ry" [ - —T) — 1 =y" 2y - DIA - ) (¥, = T) — 1].

Note that G and T denote the fiscal spending and the tax in Period 1. The sum of the budget
deficit from Period 0 to n is
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- 1
DV = DA =@ =) = [+ (=0 =)~ 1]

k=1

=L (1 - @) (0 =)~ 1] +3[A - (¥ = T) = 1]
=2 A - - T) =1 +3[(1 - @) =) - 1]

Since the national income in Period n is y""lYf, the debt to GDP ratio in that period is

A=) (Y =)~ (1=a) (¥ p~T) =]
-yn—lyf )

When n — oo, it approaches to

(1—0()(Yf—T)—I
Yf )

)

This value is less than one, but not necessarily less than one if we interpret a period of time as
representing multiple years; let’s assume that a period of time corresponds to m years, where
m is a natural number. Let 7 — 1 be the growth rate over one year, and y; be the national
income under full employment in the first year in Period 1. Then,

m_

- 1
Vr=(1+r++m Yy ="y,

and

YYe=t"A4+t+ -+t )y, ="

Thus,
y=1t"
Similarly, let t and i be the tax and the investment in the first year in Period 1. We have

m_ m__
T=""1y =121

-1 -1

Then, the debt to GDP ratio in the last year in a period when n — oo approaches to

Q- - -1 -1 A-a)¥-T)—1
Tm—lyf - m — ¢m-1 Yf :

This may be larger than one, but its value is finite®. For example, if Y, =500m, [ = 85m
T =85m,m = 24, a = 0.6, T = 1.02, this value is about 3.1. A budget deficit of about three

% The constant part of the consumption function is zero only in the first year of Period 0, but this does not affect
the long-run value of the debt to GDP ratio.
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times GDP is a natural occurrence. We have shown the following result.

Proposition 3. Under full employment with constant price the debt to GDP ratio approaches
to a finite value.

2.3 Underemployment Case

We assume underemployment, that is, Y < Y in Period 1. In Period 0 full employment was
achieved. The price of the good is one. With

Co=""[1~a) (¥ ~T) 1],

the consumption function in Period 1 is

1+r
_y[

C A—a)¥; —T) = 1] +a(Y = T).

In order to distinguish between the tax in Period 0 and that in Period 1, we will denote the

T . . .
former by ” The national income is

1+7r _
Y=C+I+G=T[(1—a)(Yf—T)—I]+a(Y—T)+I+G.

From this
(1-a)(Y -T) = G—T+$[(1—a)(yf—7)—1]+$[(1—a)(yf—7)—1] +1,
or
- =6 =aG -T)+:[A -0 —D) = +3[(A - ) —T) =[] +1.
Therefore,
_ G—T+$[(1—a)(Yf—7_‘)—I]+%[(1—a)(Yf—7_‘)—I]+I+
1-a >

or

a(G—T)+$[(1—a)(Yf—T)—I]+%[(1—a)(Yf—7‘)—I]+I

Y = +G,

1-a

These mean the following results.

Proposition 4. The real national income Y is determined by the budget deficit, including

interest payments on government bonds, G — T + 5 [(1—a)(Yy—T)—1I] givena, Cy and T.

Proposition 5. The real national income Y is determined by the budget deficit, including
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interest payments on government bonds, G — T + % [(1—a)(Y; —T)—1I] given a, Cy and G.

2.4 Inflation by Excessive Budget Deficit

Let p be the price of the good. Suppose that the nominal national income is pY;, the nominal
government expenditure is G'. C, and T do not change, and full employment is achieved. The
inflation is not predicted. Then, we have

1+r

pr=7[(1—a)(Yf—T)—I]+a(pr—T)+1+G’.

From this
¢ -T+IA- )G -T)~11=(A-@;-T) - [(1-W-T) -1 @

Comparing (2) and (4), we get
G -T—-(G-T)=0-a)p- DY,

Thus, p > 1 when G' — T > G — T. Therefore, we have shown the following result.
Proposition 6. The excessive budget deficit causes inflation?.

2.5. Recovery from recession

Suppose that a recession is caused by an insufficient budget deficit in Period 0, and full

employment is restored in Period 1. The price is constant at 1. Let %7 be the real national

income in Period 0. Let G’ and T’ be the fiscal spending and the tax in Period 1.

Then, with
Co=-"lA-a)(T =T ~1],
in Period 1
1 - / !
Yy =$[(1—a)(y—7")—1] +a(V,—T)+1+G.
From this
G'—T’:(1—a)(Yf—T')—1—1yi[(1—a)(7—7")—1]. (5)

If full employment is achieved in Period 0, and the fiscal spending and the tax in Period 1 are
G and T, we have
1+r

G—T=(l—a)(Yf—T)—I—T[(l—a)(Y}—T)—I]. (6)

IfT =T, (5) and (6) mean

4 A similar analysis can prove that tax cuts also lead to inflation.
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G —T —(G—T)= % (1 - a)(¥; — V)>0. (7)
On the other hand, if G = G’, (5) and (6) mean
a[G’—T'—(G—T)]=%(1—a)(yf—7)>o. (8)

(7) implies that the budget deficit when recession is recovered by an increase in the fiscal
spending is larger than the budget deficit when full employment is maintained. (8) implies
that the budget deficit when recession is recovered by the tax reduction is larger than the
budget deficit when full employment is maintained. We have shown

Proposition 7 In order to recover full employment from recession we need budget deficit
larger than that when full employment is maintained.

The excessive budget deficit to recover recession is a short-run problem. It does not affect the
long-run value of the debt to GDP ratio.

2.6 The Budget Deficit and the Savings by Consumers

(2) also implies the following results.

Proposition 8. The budget deficit, including interest payments on government bonds, equals
the increase of the savings between periods (generations).

Let us consider generally. Let%? be the actual real national income in the previous period

(Period 0), Y and p be the actual real national income and the price in this period (Period 1).
The savings in Period 0 is equal to

1,5 =y 1
1—-a)-(Y-T)—-1
A-@; - -1,
and the savings in Period 1 is
Q1-a)(pY—-T)—-1.
The price in Period 0 is normalized to 1. From

pY=Cy+a(pY—-T)+1+0G,
and

Co=1+n) [(1-a)F -1,

the budget deficit, including interest payments on government bonds, in Period 1 is obtained
as follows;

G—T+£[(1—a)(17—7_")—l]=(1—a)(pY—T)—I—)l/[(l—a)(l_/—T)—I].

Therefore, we obtain
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Proposition 9. The result in Proposition 8 holds whether we have full employment or not,
whether we have inflation or not.

Note that the budget deficit is an independent variable, and the savings as well as income are
dependent variables. This proposition means that in any case the accumulated budget deficit
at the end of each period equals the savings of consumers in that period. Then, the ratio of the
national debt to GDP in a period is smaller than one, and even if one period constitutes of
several years, the debt to GDP ratio in a year is finite.

2.7 The Debt to GDP Ratio under Continued Inflation
Finally, let us calculate the long-run value of the debt to GDP ratio under continued inflation.

Assume full employment and inflation at a constant rate p — 1 > 0, and we assume that
inflation is predicted. The inflation discussed in sub-section 3.1 was not predicted.

In Period 0, the nominal budget deficit is

1 1

—G-T=—[A-a)(Y-—T) —1].

py( ) py[( )Y =T)—1]
In Period 1, it is

G-T+ (A~ -1~ 11="2[A -0 ~T) - 1],

In Period 2, it is
py(G—T)+r[QA-a)¥—=T)—I]=(py - DA -a)(¥ = T) - 1].

Generally, in Period n the nominal budget deficit is
@EVN" G = T) +rEn)" A - )Y = T) — ]
= @EN" ey - DIA - ) (¥ —T) —1].

Note that G and T denote the nominal fiscal spending and the nominal tax in Period 1. Since
inflation is predicted, they increase at a constant rate py. The sum of the nominal budget
deficit from Period 0 to n is

N 1
> ey - DIA -0 - T) = 1] +— [ - ) = T) ~ 1]
k=1 124

= O )y = T) — 1]+ [ - @)~ T) — 1)

= —(Wp):‘l [(1—a)(Y; = T) —1] +$[(1 —a)(Yp=T) = 1I].

Since the national income in Period n is (py)"_lYf, the debt to GDP ratio in that period is
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VY (1-a) (v p-T) 1]+
(2 e:

(A-a) (Y f~T)~1]

When n — oo, it approaches to
(1—a)(Yp=T)—I
Yf )
This is the same as (3).

3. Conclusion

We have examined the debt to GDP ratio from the perspective of MMT (Modern Monetary
Theory) and Functional Finance Theory by a simple macroeconomic model, and have shown
that under economic growth with full employment with or without inflation the debt to GDP
ratio approaches to a finite number over time even when people's savings are not in money
but in government bonds. This conclusion is based on the fact that the budget deficit equals
the increase in people's savings. The purpose of this note was to show that we can develop
arguments based on the MMT concept by simple models without using complex models
including microeconomic foundations.

Appendix: The effects of interest sensitivity of investment
We examine the effects of interest sensitivity of investment. Let the investment I is written as
I = IO - T'11, (IO > O, 11 > 0)-

We assume that the interest rate for finance of investment equals the interest rate of the
government bonds. Iy and [; increase at the rate of y — 1.

(2) is rewritten as

G—T+%[(1—a)(Yf—T)—IO+r11] =y;—1[(1—a)(Yf—T)—IO+r11].

Thus, the budget deficit which is necessary and sufficient to maintain full employment under
economic growth with constant price depends on the interest rate. Similarly, (3) is rewritten
as

A-a)Y—T)—-Iy+7]
7 :
This also depends on the interest rate, but it's still finite.
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