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Abstract

Recently, a school of thought called Modern Monetary Theory (MMT) has been attracting
attention, but it has not received much theoretical or mathematical analysis. In this paper, we
examine the theoretical validity of the MMT argument using an overlapping generations
(OLG) model that includes economic growth due to population growth, and give a generally
positive evaluation of MMT. The basic idea is that a certain level of continuous budget deficit
1s necessary to maintain full employment when the economy is growing, that inflation occurs
when the budget deficit exceeds that level, that a recession occurs when the budget deficit
falls below that level, and involuntary unemployment occurs. In order to recover from a
recession, a budget deficit in excess of that level is required, and that deficit need not be
covered by a future budget surplus. The same can be said for growth resulting from
technological progress.

Keywords: overlapping generations (OLG) model, monopolistic competition, full
employment, budget deficit, economic growth, inflation, MMT
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1. Introduction

Using a simple overlapping generations (OLG) model in which goods are produced solely by
labor in a monopolistically competitive industry, this paper shows that maintaining full
employment at constant prices in a growing economy with a growing population requires
running a continuous budget deficit. Since budget deficits must be sustained, they should be
financed by seigniorage rather than debt where institutionally feasible. The need for budget
deficits in a growing economy is thought to be due to the fact that older generations have
lower total incomes than younger generations and have less total savings available for
consumption. This budget deficit is not a debt and should not be repaid or redeemed.

If the budget deficit becomes excessive, inflation will be triggered. Since full employment is
maintained by continuous budget deficits, it is only necessary to reduce the excess part of the
budget deficit, and there is no need to make up for it later by running a budget surplus or
reducing the deficit. Furthermore, if the budget deficit is insufficient, involuntary
unemployment will occur, and a larger-than-normal budget deficit will be needed to eliminate
it and return to full employment, but there is no need to make up for this later.

This paper is an attempt to provide a theoretical basis for the so-called functional finance
theory by Lerner (1943, 1944), as well as a theoretical basis for the recently discussed MMT
(Modern Monetary Theory, Wray (2015), Mitchell, Wray and Watts (2019)). In particular, this
paper provides an argument for the following claim (Kelton (2020)). We refer here to Hogan's
summary of Kelton's book (Hogan (2021)). In fact, Hogan criticizes "Kelton is wrong" (Note
1), but he summarizes the main points of the argument in a good way.

1. The US Treasury creates new money.

Since consumers save with money, and since money supply equals savings, an increase in
money supply equals an increase in savings. As equation (5) in Section 5.2 shows, the
increase in savings equals the budget deficit. Since the rate of increase in savings equals the
rate of increase in money, which equals the rate of economic growth, i.e., the rate of increase
in the production of goods, the increase in the money supply does not cause inflation.

2. Inflation is caused by federal government deficit spending, not by Fed policy.

As will be shown in Section 5.3, if the actual budget deficit is larger than the budget deficit
necessary and sufficient to maintain full employment under economic growth, the price of
goods will rise.

3. Federal government spending is not related to taxes or borrowing.

As mentioned above, in order to achieve full employment under economic growth,
continuous budget deficit is necessary. In a growing economy, it is not possible to maintain
full employment through balanced budget. Therefore, even if the budget deficit to maintain
full employment is financed by government debt, it does not have to be repaid or redeemed,
nor does it have to be covered by future budget surpluses. The same is true for the additional
budget deficit required to eliminate involuntary unemployment caused by insufficient budget
deficit and return to full employment.
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In Appendix B, using a three generations OLG model we briefly consider the case where
there is a pay-as-you-go pension and consumption in childhood period, and show that in
order to maintain full employment under economic growth, a budget deficit is necessary if
the difference between savings excluding pensions and the debt from childhood consumption
is positive, and that an excessive budget deficit leads to inflation. In Appendix C, we review
the money flows for a model with pensions and consumption in the childhood period.

The same conclusion can be reached in the case of economic growth resulting from
technological progress rather than from population growth. The model and analysis are
almost identical, and the only difference is in the interpretation, which we will briefly discuss
in Section 6.

In this paper, we assume that labor productivity is affected by the amount of employment but
not by population growth itself in the case of increasing or decreasing returns to scale, but we
also briefly discuss the case where productivity changes at a rate greater than or less than the
rate of population growth due to increasing or decreasing returns to scale in the last section.

2. The Model

According to Otaki (2007, 2009, 2015a, 2015b), we use a two-periods (two-generations)
overlapping generations (OLG) model with production of goods under monopolistic
competition. Two periods are Period 1 (younger or working period) and Period 2 (older or
retired period). The structure of the model is as follows.

1. Labor is only the factor of production. The goods constitute a continuum of [0, 1]. Each
good is denoted by index z € [0,1]. Good z is monopolistically produced by Firm z with
increasing or decreasing returns to scale technology. Under increasing or decreasing returns
to scale employment and output may affect the labor productivity. However, we assume that
population growth itself does not affect the labor productivity, and in the full employment
state population and output increases at the same rate.

2. In Period 1 consumers supply labor, consume the goods and save money for consumption
in Period 2. They are employed or unemployed.

3. In Period 2 consumers consume the goods by their savings carried over from the previous
period.

4. Each consumer determines his/her consumption and labor supply in the beginning of their
Period 1 corresponding to the situation where he is employed or unemployed.

The notation of this paper is as follows.

C{: consumption basket of an employed consumer in Period i, i = 1,2.
C}*: consumption basket of an unemployed consumer in Period i, i = 1,2.
¢ (z): demand for good z of an employed consumer in Period i, i = 1,2.

c¢;'(z): demand for good z of an unemployed consumer in Period i, i = 1,2.
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P;: the price of the consumption basket in Period i, i = 1, 2.

pi(2): the price of good z in Period i, i = 1, 2.

p = P, /P;: expected inflation rate (+1).

W the nominal wage rate.

[1: profit of firms which is equally distributed to the younger generation consumers.
[: individual labor supply.

['(1): disutility of labor which is increasing in [ and strictly concave.

L: total employment.

Ls: labor population, or employment in the full employment state. It increases at the rate
y —1 > 0. If population in Period t is L, the population in Period ¢+ 1 is yLg.

y: labor productivity which is increasing (increasing returns to scale case) or decreasing
(decreasing returns to scale case) in the total employment L. It is not affected by population
growth (in the last section we consider a case where labor productivity changes by population
growth).

3. Utility Maximization of Consumers
The utility function of an employed consumer is
u(Ct,C;) —T).

u(+,-) is homothetic. I'(l) is disutility of labor. The utility function of an unemployed
consumer is

u(Ct, 6.

The consumption baskets in Period i for employed and unemployed consumers are

ct=(J) t@Tdz) " i=12,

a

o—1 O’T
cH = (fol c}‘(z)TdZ) li=1,2.
o is the elasticity of substitution of the goods. It satisfies o > 1.

The price of the consumption basket in Period i is

1

P =(f, pi@'0dz)""i=1,2.

The budget constraint for an employed consumers is

fol p1(2)ci (z2)dz + fol p2(2)c5(2)dz = WI + 1.
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The budget constraint for an unemployed consumer is

fol p1(2)ci(2)dz + fol p2(2)c¥(2)dz =1I.

From calculations in Appendix A, let

PiCf Pt
PiCE+PyCE PiCHE+P,CY

P,C§ _ P}
PiCE+P,CE  PiCY+P,CY

1—a=

then, the demand functions for consumption baskets of employed and unemployed consumers
are

WI+I1

: Cze _ (1-“) WI+II
Py

P

e _
(i =«a

)

I I
C}‘=ap—1, Cﬁl=(1—a)g.

And their demand functions for good z are

p1(2)\ 7 a(Wi+I) P22\ 7 —x)Wi+I)
cs(z) = (B2) . c5(2) = (22)

)

P1 P1 PZ PZ
weoN _ p1(Z))_"ﬂ u _(pz(z))“’(l—a)n
() = (B2) T o= (2 S

From these analyses the indirect utility functions of employed and unemployed consumes are

WIi+I1 WIi+I1
ve=u(a (- )-T,

P

Vvt = u(apﬂl,(l — a)%).

Let the real wage rate be

The indirect utility functions are written as

Ve =9 (wl + P%"D) —TI'(D),

VY=g (Pﬂl,p).
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I=wl+£.
Py

Then, given p, the condition for maximization of V¢ with respectto [ is

¢ 1 _
Lo-T=0, M
where
dp a_u . du
E = OCf + (1 a) OCf'

Given P; and p, the labor supply is a function of w. From (1) we have

0 " T 20s
F”(l)—wwz

If % > (<)0, the labor supply is an increasing (decreasing) function of the real wage rate w.

We assume that the real wage rate does not significantly affect individual labor supply. The
labor productivity [ may affect employment L in some way. We assume that even in this
case Ll is an increasing function of L.

4. Profit Maximization of Firms

Let d;(z) be the demand for good z in Period 1 of the younger generation consumers. It is

(1@ % a(WLI+LfIT) (pl(z))‘” a(WLI+LfI)
di(z) = (BE) S = (2 D

This is the sum of demand of employed consumers and unemployed consumers. Similarly,
their demand for good z in Period 2 is

_ (P22 "% (1-a)(WLI+LsID)
d(n) = (B2) =

Let d,(z) be the demand for good z of the older generation consumers. It is

_ (P22 % A—a)(W LI+LfIT)
d,(z) = ( P, ) m .

W, T, L and [ are the nominal wage rate, profit of firms, employment and individual labor

supply in the previous period. Let

M= (1-a)(W Ll + L ).
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This is the total demand or the total savings of the older generation consumers which is
determined in their Period 1. The demand for good z of the older generation consumers is

The government expenditure as well as the consumptions of the younger generation
consumers and those of the older generation consumers constitute the national income. The
total demand for good z is

dz) = (B2) " L 2)

P Py
Y is the following effective demand.
Y=aWLL+ L)+ G+ M.

G is the government expenditure. The government determines the demand for good z, g(2),
to maximize

under the constraint

[} p1(2)g(2)dz = G.

Let L and Ll be the employment for good z and “’employment X labor supply”. Then, we
have

1 1
J, Ldz=1, [ Lldz=LL

The output of Firm z is Lly. By increasing or decreasing returns to scale, y is a function of
Ll. Since in the equilibrium Lly = d(z), we obtain

dd(2) _ )
Sy =Yt Lly'(Ll).

In the case of constant returns to scale,

0d(z) _
oLl
From (2)
p1(z) _ _ pi(@
dd(z) od(z)

Therefore, we have
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0p1(z) _  pi@y+Llyr@D] _ p1(2) Llyr(LD)
oLl od(z) - oLl [1 + ]

We define the elasticity of the labor productivity by

__ Lyr(LD)
(=—
Then,
op1(z) _ _ p1(2)(A+0)
dLl oLl

¢ is constant, and satisfies 1 + ¢ > 0. For technology with increasing (decreasing) returns to
scale, { >0 (¢ <0).

The profit of Firm z is
n(z) = p1(z)Lly — LIW.
From the condition for profit maximization:

2O = @y - B2+ -w = [p @y - 22|+ -w =0

We obtain

_ 1
p1(2) = (1_%)(14_03/ w

Let u =1/0. Then,

1
P1(?) = oy

Thus, the real wage rate equals
w=1-w@+y.
Since all firms are symmetric,

1
A=) = ey
for all z.

5. The Budget Deficit to Maintain Full Employment Under Economic Growth and
Inflation by Excessive Budget Deficit

5.1 Market Equilibrium
The nominal total supply is

WL + LTl = PyLly.
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The nominal total demand is
a(WL + Lfl'[) +G+ M =aP,Lly+ G+ M.

By the equilibrium of them,

P;Lly = aPLly + G + M. 3)
In real terms,
G+M
Lly = TR

Ll is not larger than LgI(Lf) (I(Lf) is the labor supply in the full employment state).
However, it may be smaller than L¢I(Lf). Then, we have L <Lf, and there exists
involuntary unemployment. If the government collects taxes from the younger generation
consumers, (3) is written as

P,Lly = a(P;Lly —T)+ G + M.

5.2 Budget Deficit for Full Employment

Assume that up to Period t full employment has been maintained under constant price. Then,

Superscript t means the value in Period t. The savings of the younger generation consumers
is

(1- a)(Pfol(Lf)y —TH =G -T"+ M*.
To maintain full employment under economic growth by population growth this should equal
yM¢. Therefore,
G'—T'=(y—1)M". (5)

Mt is the savings and consumptions of the older generation consumers in Period t. Since
this is positive, we have Gt > T' when y > 1.

In Period t+1, we get M1 =yMt, Gl =yGt and T'*! = yT¢. Thus, under the
condition that P{*! = P} |

P{Leyl(Ley)y = a(PiLsyl(Ley)y — yTY) + ¥G' + yME. (6)

[(Lfy) denotes the labor supply under full employment after population increases. Since this
is equivalent to (4), Gt*1 =yGt |, T**! = yT' maintain full employment. Since the budget
deficit to maintain full employment must be continuous, it should be financed by seigniorage
not government bonds. The reason why budget deficit is necessary in a growing economy is
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as follows. When economy grows, the life time income of the older generation consumers is
lower than that of the younger generation consumers. Therefore, their savings and resulting
consumption will be insufficient to achieve full employment. This budget deficit is not a debt
and should not be redeemed or repaid.

Since consumers save with money, and since the money supply equals savings, an increase in
the money supply equals an increase in savings. From (5) we find that an increase in savings
equals the budget deficit. Since the rate of increase in savings is equal to the rate of economic
growth, the budget deficit in this case will not cause inflation.

Summarizing the results,

Proposition 1 A continuous budget deficit is necessary to maintain full employment when
the economy is growing due to population growth under constant prices.

5.3 Excessive Budget Deficit and Inflation

Assume that up to Period ¢ — 1 full employment has been maintained under constant price.
However, the government expenditure or tax in Period tis different from the value in the
steady state. The steady state means a state where full employment has been maintained
under constant price. Let G and T be the actual values of the government expenditure and
the tax, 13f be the actual value of the price in Period ¢. Then,

PILA(Ly)y = a(PfLA(Ly )y — TY) + G* + M*. (7)
The savings of the younger generation consumers is
M™t = (1 — a)(PiLA(L)y —TH = Gt — Tt + M*.

Let

To maintain full employment in Period ¢t + 1 under the condition that Pf*! = P} > Pf we
need

Gt —Tt + Mt = ypM?

From (5)

Gt—Tt = (yn— 1Mt > (y — 1)M? = Gt - T°. (8)
(8) means

(m—DyM* = (G =T~ (G =TY,
or

At_sty_rqt_Tt
1 = @=TH=(6t-1

n— o 0.
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Therefore, the excessive budget deficit (Gt — T?) — (Gt — T*) will cause inflation at the

P

rate of 1 = ot
1

Since in Period t+ 1 we have M1 =ynpM?', and we can assume that G'*! = ynGt,
Tt+1 — VnTt

under the condition that Pf*? = P} we have
PiLAU(L)yy = a(PfLeU(Lp)yy —ynT®) +ynG* + ynM".

Since P} = nPf , this is equivalent to (4). Thus, full employment is achieved by G!*! =
ynG' and T**1 = ynTt. After one period inflation, we can maintain full employment by
continuous budget deficit under constant price. Therefore, the excess budget deficit that
caused inflation can be reduced only by reducing the excess part, and there is no need to
make up for it by creating a surplus later or by making the budget deficit smaller than the
steady state value.

Summarizing the results,
Proposition 2

1. Inflation is caused when the budget deficit becomes larger than the level necessary and
sufficient to maintain full employment.

2. An excess part of excessive budget deficits that cause inflation need only be reduced, and
there is no need to make up for the excessive deficit by creating a surplus later or by reducing
the budget deficit below its steady-state value.

Suppose that inflation continues in Period t + 1, and Pf** = nPf. Then,

PILA(Ly)ydy = a(PfLAI(Ly)yAy —ynT®) + ynG*t + ynM*.

This is equivalent to (7).

As for the process leading to inflation, we can think of a story in which excess demand for
goods generates excess demand for labor, which raises the nominal wage rate, which in turn
raises the prices of the goods. Assuming that production does not increase above the full
employment level, nominal supply and demand will not be balanced unless prices rise.

5.4 Insufficient Budget Deficit and Involuntary Unemployment

Suppose that in Ll is different from LgI(Ls) in (4) , and the government expenditure is

different from G!. The price of the goods is constant. Let Gtand Tt be the actual values of
the government expenditure and the tax. Then, we have

PELI(L)y = a(PfLI(L)y — TY) + Gt + Mt, 9)

Comparing (9) and (4),
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Gt-gt

Ll(L) - Lfl(Lf) = m

(10)

L < L; when G! < Gt. Thus, insufficient government expenditure will cause involuntary
unemployment.

As clarified in Proposition 1, budget deficit is necessary to maintain full employment when
the economy is growing, so involuntary unemployment will occur under balanced budget
condition.

The savings of the younger generation consumers in Period t is
Mt = (1 — a)(PELI(L)y — TY) = Gt — Tt + M®.

This equals the consumption of the older generation consumers in Period t + 1. Assume that
in Period t+ 1 full employment is achieved under the condition that P{*! = P,
Tt*1 = yTt. Then,

PELeyU(Ley)y = a(PELyl(Ley)y —yTY) + GHE + MU (11)

G+ is the actual value of the government expenditure in Period t + 1. The savings of the

younger generation consumers in Period t + 1 is

M2 = (1 — Q) (PfLyL(Lyy)y — ¥T8) = G+ — y Tt + M+ (12)

= Gl — YTt + Gt — Tt + M,

This must equal y2M¢ to achieve full employment. Note M is the steady state value of the
savings of the younger generation consumers in Period t. Therefore,

GHL— YTt + Gt =Tt = (y2 — M = y(y — DME + (y — 1)ME.
In the steady sate
Gt+1 — yGt, Gt = G¢,

G'—T'=(y - 1M,

and
G —yTt =y(y - DM

hold. If Gt < Gt, we have
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Gt—T! < (y — 1)M".

Thus, we need
Gt —yTt > y(y — 1)ME.

Therefore, the additional budget deficit larger than the steady state value is necessary to
restore full employment in Period t + 1. Summarizing the results.

Proposition 3 Insufficient government expenditure in Period ¢ causes involuntary
unemployment, and an additional budget deficit above the steady-state value is needed to
restore full employment in period #+1.

Since a continuous budget deficit is required after full employment is restored as shown in
Proposition 1, the additional budget deficit created to overcome the recession does not have
to be made up by later surpluses.

In this section, prices were assumed to be constant. If involuntary unemployment leads to a
fall in the nominal wage rate, which in turn leads to a fall in prices, then the real balance
effect (so-called Pigou effect) may kick in and increase consumption. However, the use of
fiscal policy would be more likely to bring about a rapid return to full employment.

6 Growth by Technological Progress and a Case Where Population Growth Affect the
Labor Productivity

(1) In a case of growth by technological progress not population growth, L; is constant and

y increases at the rate y — 1. Then, by interpreting y as being multiplied by y instead of
being multiplied by L, basically all the equations are still valid. But [(Lfy) (labor supply in

a state of full employment) in (6), (11), (12), and (B.4), (B.5) in Appendix B below should be
written as [(Lg).

(2) We assume that the labor productivity in each period depends on the amount of
employment in the case of increasing and decreasing returns to scale, but that population
growth itself has no effect on productivity. In the following, I will briefly explain the case in
which population growth affects productivity.

Assume that [(Lf) and [(Lsy) are equal, and denote them by [. If full employment is
achieved, the labor productivity y(Lsyl) in Period t + 1 and that in Period t y(Lsl) satisfy

y(LeyD) = y(LeD) + y' L DLy = 1) = y(LeD[1 + (v — D]
Then, replacing y by
V' =y[1+4r - DI
(5) is rewritten as
G'—T'= (' - 1M

Similarly, let Gt*1 = y'Gt, Tt = y'T¢, (6) is rewritten as
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PiLey'ly = a(P{Lsy'ly —y'TY) + y'G* +y'M".

This is equivalent to (4). In (8), replacing yn by y[1+ {(y — 1)]n = y'n, we obtain the
result that inflation occurs at the rate of n. n — 1 equals

(GI-TH-(6*-TH
yrMt

Replacing y by y' =y[1+ {(y — 1)], all arguments from (11), (12) to Proposition 3 hold.
The arguments after (B.4), (B.5) in Appendix B below are similar.

Therefore, in a case where population growth affects the labor productivity, let { be the
elasticity of the labor productivity, the rate of economic growth is

Y —1=y[1+{(y-D]-1.

In the case of increasing returns to scale, the economy grows at a rate greater than the rate of
population growth, and in the case of decreasing returns to scale, the economy grows at a rate
less than the rate of population growth.

In this paper, we did not consider the existence of capital in production and investment by
firms. In the future, we would like to create a model that includes these factors and study the
problem of the interest rate. However, the position that fiscal policy, not monetary policy,
should play the main role of achieving and restoring full employment without causing
inflation will not change.

7. Concluding Remarks

The purpose of this paper was to provide a theoretical analysis of MMT and Functional
Finance Theory based on mathematical models, while taking into account microeconomic
foundations about the behavior of consumers and firms.

The main conclusions are that a certain level of continuous budget deficit is necessary to
maintain full employment under economic growth, that a budget deficit above that level
causes inflation, and a budget deficit below that level causes a recession including
involuntary unemployment.

The basic two-generation overlapping model with monopolistic competiton about production
of the goods was used, but it was shown that essentially the same conclusions could be
reached by using a model that includes a pay-as-you-go pension system and unemployment
insurance, or by using a three-generation model that includes the childhood period before the
consumers work. Please see Appendix B.
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Note

Note 1. “I will discuss three major claims in TDM (The Deficit Myth) that I believe are
mistaken...” (Hogan, 2021).

Appendix A. Utility maximization of consumers

The consumption baskets and their prices are

a a

o—-1

et =(J, @7 dz) " c5 = (fy 5@ dz)

g g

o—-1

et =y cv@7dz) ¢ = (Jy ¥ @7 dz),

and
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1 1

Po= (I p1@*0dz)"™7 P, = ({, pa(2)'~0dz)™.

The budget constraint for an employed consumer is
1 e 1 e
Jo 11(@cE(D)dz + [ p2(2)c5(2)dz = WL+ L.
The budget constraint for an unemployed consumer is

Iy 1@t (@)dz + [, pa(2)cy(z)dz =TI,
Their Lagrange functions are

Lo =u(Cf,C5) — A(Jy p1(Dcf(2)dz + [ po(2)c§(2)dz — W1 —TI),

£ = u(Ct, ) = A(J) p@et@dz + [ (2t (2)dz - 1),

Now consider utility maximization for an employed consumer. The first order condition is

1

(o @7 dz)" (@7 — apu(2) = 0, (A1)

ou(cy,c3)
act

and

(fy 5@ dz) ™ 5@~ apa(2) = . (A2)

ou(C1.C3)
acs

From these equations we get

1 o1 ﬁ 1 o1 1
(fy ct(2) = dz)" [ c5(2) @ dz = A [, py(2)cf (2)dz = O,

ou(C.c3)
acs

1
0u(Cf.C3)

1 ., No-1 01, 22 1 e _
ocs (fo c5(z) o dz) Jy 5@ dz—A[; p2(2)c5(2)dz = 0.

ou(Ct,C3)

e [ p(2)ct(2)dz = 0, (A3)
acs 0

and

ou(cy,c3)

1
ocs C; =4[, p2(2)c;(2)dz = 0. (A.4)

From (A.1) and (A.2), we obtain
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uct,cO\ Y [ (1 e SN Y o-1 o )
(52) (et @ dz) [ cf@ 7 dz =270 f) pu(2)'~7dz = 0,

auCcscO\ % [ 1 o-1 T a-1 4 B
(BSED) ([} s T dz) [y 57 dz =27 [ pa(2)Udz = 0,

and

1 1
ou(cy,c3) ou(cy,c3)

1 _ 1o 1 _ 1o
ace A(fo p1(2)* adz)l =0, =5 A(fo p2(2)! adz)l = 0.
They are rewritten as

ou(cy,c3)
act

ou(cy,c3)

= AP
T ace

= AP,. (A.5)
Further, from (A.3) and (A.4), we have

1 1
P Cf = fo p1(2)ci (2)dz, P,C7 = fo P2(2)c3 (2)dz.

By the budget constraint,

(A.5) is a condition for maximization of u(Cy,C5) under the constraint (A.6). We can show
similar results for an unemployed consumer. Since u(Cy,Cy) and u(Cy, C3')are homothetic,

PiCY

_ PiCY
a = e e’
P1C{+P,C;

T P CE+P,CE

1—«a

are determined by the prices, and do not depend on the income. Thus, we get

PiCf _ PCY _Picg Pt

= = a = = .
PiCE+P,CS PiCH+pP Y’ P1CE+P,CE P CH+P,CY

From these calculations, the demand functions for consumption baskets are

e _ a(WIi+ID) _ (—a)(Wi+IT)

& DR A (A7)
CH = ‘;—“ c¥ = % (A.8)

By (A.1), (A.2), (A.5), we have

P} @7 de) " @ (@ =0, P (J) 5@ dz) T 5(2) 7~ pal@) = 0.

They mean

a a

Pro(f ct (@ dz) Tt @ -m @7 =0 . P ([ 57 dz) T es(2) -
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p2(2)~° = 0.

Therefore,
o 1 - -g 1 -
Py acf i(2)—p1(2)7° =0, P, acf @ =P =0

From (A.7) the demand function for good z is

e _ (r1(® % aWi+I) e _ (p2(2) 0 a(wi+)
Cl(z)_(Pl ) Py CZ(Z)_(PZ ) P

For an unemployed consumer, from (A.8) we obtain

wpn _ (PA@Y %l o (@) all
Cl(z)_( Py ) P’ CZ(Z)_( P, ) Py

Appendix B. About a Model With Consumption in the Childhood Period and
Pay-As-You-Go Pensions

In this appendix we briefly consider a three-generations OLG model with consumption in the
childhood period and pay-as-you-go pensions. Put Period 0 before Period 1. It is the
childhood period. In this period consumers do not work, only consume. The consumption
could be thought of as education. This can be financed by borrowing from the younger
generation or by government scholarships. No decisions are made during the childhood
period, and the consumption is a constant common to all. Denote the consumption in the
childhood period by D. The funds for consumption in the childhood period of consumers
become debt, which must be repaid in their younger period. However, if they become
unemployed, they will not be able to repay the debt, and the government will provide
unemployment insurance in an amount equivalent to the debt. This is financed by the tax to
the younger generation who are working. On the other hand, an older generation consumer
will be able to receive a pension. This will be also financed by tax to the younger generation.
Decisions about consumption in Periods 1 and 2 are made at the beginning of Period 1, as
before, depending on whether the consumer is employed or unemployed. G® and T
represent government expenditure and tax other than pension and unemployment insurance.

Let Q be the pension per consumer of the older generation, ¥ be the pension tax to an
employed consumer of the younger generation. Then,

L;Q = LY.

This means
Lf
Y =-=0Q. (B.1)

Let © the tax for unemployment insurance to the younger generation consumers. Then,

(Ly — L)D = L6.
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This means

O+D=":LD. (B.2)
L

Let Q be the pension received by a younger generation consumer in their older period. The
budget constraint for an employed consumer is

1 1
j pl(z)cf(z)dz+f p2(2)cS(2)dz=WI+TI+Q-¥Y—-0-D
0 0

- Lp Ly
:WI+H+Q—TQ—TD,

or
PC{ +PyCS =WI+TT+Q - —=Lg—=Lp.

Since the debt is offset by the unemployment insurance, the budget constraint for an
unemployed consumer is

1 1 ~
Jo 1@t (@dz + [ p2(2)c (2)dz =TT+ Q,
or
PiCY + P,CY =TT+ Q.

From these results we can obtain the demand functions for consumption baskets and for each
good. In this case from (B.1) and (B.2), (4) is written as

PILA(Ly)y = a(PfLA(LA)y + L;Q —L;Q — LD —T) + LD+ G* + M*  (B.3)

D is the consumption of the next generation consumers in their childhood period. It
constitutes the effective demand as well as the government expenditure. Since when the
economy grows, O = yQ and D = yD. The savings of the younger generation consumers
(including the pensions received in the future) is

Mt = (1 - a)(P{LU(Lf)y + LyQ — LQ — LeD — T¢)

=G'—T'+LyQ—LsQ+LeyD — LsD + M".
Under economic growth, this equals yM®. Then, we need
Gt —T' = (y — )(M* — LsQ — LsD).

Therefore, if the difference between the savings (excluding pensions) and the debt is positive,
we need budget deficit.
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On the other hand, (7) is rewritten as
P Lel(Ly)y = a(PELA(LY)y + LeQ — LrQ — LeD — T) + LeD + Gt + M".

t ~
Let n = P—it > 1, Q =ynQ, D =ynD. The savings of the younger generation consumers is
Mt = (1 - a)(PfLA(Ls)y + LiynQ — LyQ — LgD — T*)

=G'—T"+ LsynQ — LsQ + LiynD + M".
Since under growth this equals ynM¢, from
G'—T'=(n—-1DM" —L;Q—LD)>G" —T" = (y — )(M* — L;Q — L;D),

we have

At_sty_cqt_pt
_(G-TH)-(a T)>O

n—1= Y(ME-L;Q—LsD) :

Thus, if Mt — LsQ — Ly D>0, the excessive budget deficit causes inflation.

(9) is rewritten as
P{LI(L)y = a(P{Lly + L;yQ — LsQ — LsD —T") + Gt + LeyD + ME.

Comparing this with (B.3) yields

Gf_Gf
Ll(L) - Lfl(Lf) = m.

This is equivalent to (10). The savings of the younger generation consumers is
Mt =1 - a)(PfLly + L;yQ —L;Q — L;D —T")
=G'+LiyQ—L;Q—T"+LeyD — LD + M".
(11) is rewritten as

PiLyU(Lsy)y = a(PiLeyl(Lsy)y + Liy?Q — LiyQ — LyyD — yTY) (B.4)

+G 4 Ley?D + MY,

Thus, the savings of the younger generation consumers in Period ¢ + 1 is
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M2 = (1 — a)(PELeyI(Ley)y + V2L Q — yLeQ — LiyD — yT*) (B.5)

= G™ +y2L,Q — yLsQ — yT + Lyy?D — LyyD + M1,
Since this must equal y2M¢ to achieve full employment in Period t + 1, from

Mt — ]/ZMt.

we have
Gl —yTt + Gt =Tt = (y2 — D(M! — L;Q — L;D)
=y(y —1)(M* = L;Q — LsD) + (y — 1)(M* — L;Q — L;D).

Therefore, if M* —L;Q —L;D >0 and G* —T* < (y — 1)(M* — L;Q — L;D), we have

G —yT' > y(y — D(M' — L;Q — L;D).

This means that if M®*—L;Q — LD >0, an additional budget deficit is necessary to
eliminate involuntary unemployment caused by insufficient budget deficit and to restore full
employment.

In addition, it is possible to not collect taxes for pensions and unemployment insurance, in
which case G! should be increased by that amount or decrease the value of T* by that
amount. Of course, even in this case, it is impossible to maintain economic growth without
causing inflation unless the budget deficit is kept at a certain level.

Appendix C. Flow of Money

Let us summarize the money flows for a general model that includes pensions and
consumption in the childhood period. Assume that there is no scholarship by the government.

Payment of money

P1: consumption expenditure by the younger generation and the older generation consumers
P2: payment of wages and profits by firms

P3: payment of tax (other than pension tax) by the younger generation consumers

P4: government expenditure other than pensions

P5: consumption expenditure by the childhood generation consumers

P6: lending by the younger generation consumers to the childhood generation consumers
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P7: debt repayment by the younger generation consumers to the older generation consumers
P8: payment of pensions by the government

P9: payment of tax by the younger generation consumers for pensions

P10: payment of unemployment insurance by the government

P11: payment of tax by the younger generation consumers for unemployment insurance
Receipt of money

R1: receipt of sales by firms

R2: receipt of wages and profits by the younger generation consumers

R3: receipt of tax (other than pension tax) by the government

R4: borrowing by the childhood generation consumers from the younger generation
consumers

R5: debt repayment from the younger generation consumers to the older generation
consumers

R6: receipt of pensions by the older generation consumers

R7: receipt of tax by the government for pensions

R8: receipt of unemployment insurance by the older generation consumers

R9: receipt of tax by the government for unemployment insurance

Then, since

P1+ P4 + P5 =R1, P2 = R2, P3 = R3, P6=R4, P7=RS5, P8=R6, P9=R7, P10=RS8, P11=R9
hold, the total payment equals the total receipt, that is,

P1+ P2 +P3 +P4+P5+P6+P7+P8+ P9+ P10+ P11
=R1+R2 +R3 +R4 +R5+R6 +R7 + R8 + RO.

Also, since
P2 = R1, P5=P6=R4, P§=P9=R6=R7, P10=P11=R8=R9, P7=RS5,
we have
P1+P3 + P4 + P6 = R2 + R3. (C.1)
On the other hand, let

MI1: savings of the older generation consumers carried over from the previous period
(excluding repayment from the younger generation consumers)

M2: savings of the younger generation consumers (excluding lending to the childhood
generation consumers)
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Then,

payment of consumption by the older generation consumers = M1+R5+R6,
and

R2 + R8 = consumption expenditure of the younger generation consumers
+P3 +P6 + P7 + P9 + P11 + M2.
From these equations, and P9 = R6,P7 = R5, P11=R8&, we obtain
R2 =P1+P3+P6+P7+P9+M2—-M1-R5—-R6=P1+P3+P6+M2—-MI1
This and (C.1) yield

P4 — R3 = M2 — M1.

Therefore, an increase in the savings equals the budget deficit. If the government does not
collect taxes for pensions or unemployment insurance, we can decrease R3 or increase P4 by
that amount.
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