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Abstract

The purpose of this research is to classify the mathematical modelling problems produced by
pre-service mathematics teachers in terms of the number of variables and to determine the
mathematical modelling skills and mathematical skills used in solving the problems in each
class. The current study is a qualitative research and the data was analyzed using descriptive
analysis. The data of the study was obtained from the mathematical modelling problem
written by 59 senior mathematics teachers. They were given a 1-week period to write the
problems and solutions. The participants took mathematical modelling course for one
semester period prior to the research. The problems are the original problems that the
participants themselves produced. The mathematical modelling problems produced are
categorically as follows: “Which option is more economical” problems, “Profit-making”
problems, “Future prediction” problems and “Relationship between two quantities” problems.
The mathematical modelling skills used are as follows: to be able to collect appropriate data,
organize the data, write dependent and independent variables, write fixed values, visualize the
real situation mathematically or geometrically, use mathematical concepts. The mathematical
skills used are generally; to be able to do four operations with rational numbers, draw
distribution and column graph, write algebraic expression, do arithmetic operation in
algebraic rational expressions, write/solve equation and inequality in 1 or 2 variables, write
an appropriate mathematical function explaining the data related to the data, solve 1st degree
equations in 1 variable, establish proportion, use trigonometric ratios in right triangle, use
basic geometry information, draw and interpret a 1st degree inequality in 2 variables.
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1. Introduction

Mathematical modelling problems are non-routine problem situations that express complex
real-life situations and contain different possible solutions. The first step in the mathematical
modeling process is to understand the real-life problem. Here the person defines the problem,
collects and analyses the appropriate data. The next stage is the stage of choosing the
variables necessary to solve this problem. After this stage, the necessary mathematical works
are done and a mathematical model is created, its accuracy and suitability are investigated.
The solution obtained is interpreted in real life. At the last stage, the model is developed and
generalized for other problems (Berry & Houston, 1995).

Mathematical modeling is linked to other mathematical skills such as mathematical
reading-understanding, thinking and applying problem solving strategies, reasoning,
calculation, etc. (Niss, 2003). Several studies have shown that students have difficulties in
handling real-life situations that require a mathematical solution (Christiansen, 2001; Crouch
& Haines, 2004; Haines, Crouch, & Davies, 2001; Ikeda & Stephens, 2001; Klymchuk &
Zverkova, 2001). Niss (2001) stated that the performance of students in the modeling process
may be affected by the teaching approach, the problem situation given in terms of the interest
of the student, the motivation of the teacher and themselves, the effort shown and their
previous experiences. Galbraith and Stillman (2001) stated that students’ general knowledge
about the situation in the context also affects their modeling skills. In their studies in nine
countries, Klymchuk and Zverkova (2001) revealed that students found difficult to switch
between the real world and the mathematical world because they had not experienced such
practices before. Tanner and Jones (1995) observed that knowledge alone was not sufficient
for successful modeling, students should know what knowledge to use where, and at this
point he observed that the students had difficulty. In the study conducted by Erdogan (2010),
it was revealed that students had significant difficulties in using the concept of function while
solving modeling problems.

Mathematical modelling problems can be grouped under two main headings; theoretical and
experimental modelling. While theoretical modelling includes mathematical, statistical and
computer-based information, in experimental modelling, the solution of mathematical
modelling is asked by giving information about experiment, observation and their results
(Berry & Houston, 1995; Kapur, 1982).

Blum (1991) revealed the table below regarding real-world examples and related
mathematical topics.
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Table 1. Real-world examples and related mathematical topics

Real-world examples Related mathematical topics
various growth and decay processes: population growth, functions, calculus, linear, algebra
chemical reactions, spread of epidemics, warming/cooling,

absorption, decay of beer froth and so on

rainbow geometry, calculus

genetics arithmetic, probability, (linear)
rates of interest algebra

price index arithmetic, functions, calculus
income tax arithmetic, algebra, functions
elections arithmetic, functions, calculus
social classes arithmetic, geometry, stochastic
traffic flow finite maths, probability, linear
biking algebra

chairoplane linear algebra, functions, calculus
gambling stochastics, finite maths

painting geometry, algebra

musical scales arithmetic, algebra, functions

Solving mathematical modelling problems is related to one’s mathematical modelling
competence. According to Blum (1996), mathematical modelling competencies are those:

» Competence to understand real life problems and create a real model;

» Competence to create a mathematical model from real life model;

» Competence to solve mathematical problems in the mathematical model;
» Competence to interpret mathematical results for real life;

» Competence to question the solution and perform another modelling process if
necessary.

Jensen (2007) stated three dimensions to assess someone’s possession of a competency:
Degree of coverage indicating which aspects of the competency someone can activate and the
degree of autonomy with which this activation takes place. Radius of action, indicating the
spectrum of contexts and situations in which someone can activate the competency. Technical
level, indicating how conceptually and technically advanced the mathematics is that someone
can integrate relevantly in activating the competency. The radius of action addresses the
domain of situations in which someone can perform mathematical modelling activities. For
example, the fact that someone is very competent when it comes to developing and using
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optimization models in everyday shopping situations, for example, does not guarantee the
same competence when it comes to design problems. The technical level addresses which
kind of mathematics someone can use and how flexible they are in their use of mathematics.
These three dimensions have been visualized geometrically in Figure 1. In this model the
possession of a competence is represented by a volume. We need to pay attention to all the
dimensions when we attempt to support the development of a competence, for example,
mathematical modelling competency, among a group of students.

“l,ilh'l”

“Earlier”

Radiwof action

Figure 1. Geometrically visualized three dimensions (degree of coverage, radius of action,
and technical level)

Most of the mathematical modeling researches in mathematics education is about the
modeling competencies of the participants, the difficulties they face and the effect of the
mathematical modeling education on students’ conceptual development in mathematics. No
research has been found in the literature regarding the classification of mathematical
modeling problems produced by students. In this study, it is focused on classifying the
mathematical models, problems and mathematical modelling skills produced by the
participants in a holistic way. Thus, a contribution will be made to the literature in terms of
this gap. In addition, it is thought that the results obtained from the current research will
contribute to the process of development of the mathematical modelling education.

2. Methods

The purpose of this research is to classify the mathematical modelling problems produced by
pre-service mathematics teachers in terms of the number of variables and to determine the
mathematical modelling skills and mathematical skills used in solving the problems in each
class. The current study is a qualitative research and the data was analysed using descriptive
analysis. The data of the study was obtained from the mathematical modelling problem
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written by 59 mathematics teacher candidates. The participants were the 4™ grade students at
the Mathematics Teacher Training Programme of Faculty of Education. The participants took
mathematical modelling course for one semester period before the research. They were given
a 1-week period to write the problems and solutions. The problems are the original problems
that the participants themselves produced. The problems were first classified in terms of the
number of variables used in mathematical models. Then, the mathematical models in each
class were examined in terms of the mathematics topics and mathematical modelling skills
used.

3. Findings

A classification of mathematical models produced by prospective mathematics teachers based
on the number of variables used is given below. Each class consists of three sub-categories:
type of the mathematical modelling problems, mathematical modelling skills and
mathematical skills.

3.1 Non-variable Solutions (Level 0)

Preservice teachers in this category created a solution without using variables in the solution
of real life problems they produced. However, the solution of such problems depends on
some conditions and requires variable use. Pre-service teachers did not use variables by
collecting some data and taking some average values based on these data. Therefore, they
were unable to put forward a mathematical model.

3.1.1 Problem Types

The categories created regarding the content of the modelling problems produced by the
participants are as follows:

* The problems of “which option is more economical”: in such problems, the participants
tried to find out which of the two options would be more economical. The problem titles
they used are as follows: “carboy or water purifier”, “farm for meat or milk”, “bus or car

b 1Y

(for 4-year university term)”, “rent or buy”.

99,

* The problems of “earning money”: “at least how many ratings should a series take to

99 <¢ 29 <¢

earn money”’, “earning status of a flower greenhouse”, “parking prices”.
3.1.2 Mathematical Modelling Skills Used
Gathering appropriate data, organizing data, mathematical skills.
3.1.3 Mathematical Skills Used
4 operations with rational numbers, distribution and column chart.
3.2 One Variable Mathematical Models (Level 1)
3.2.1 Problem Types

The categories created regarding the content of the 1-variable modelling problems are as
follows:
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* The problems of which option is more economical: In such problems, the participants
examined the conditions for which of the two options would be more economical. The
problem titles they use are as follows: “rechargeable or battery-operated”, “carboy water

or water purifier”, “anti-lime tablet or magnetic anti-lime for dishwasher”, “bus or car
(for 4-year university term)”, “drip or normal irrigation”.

* The problems of prediction of future: The participants tried to present a mathematical
model in such problems in order to make predictions about a quantity that changes
depending on time. The problem titles they used are as follows: “maximum hair length”,

99 e

“when does the lake dry”, “use rate of recycling”.

* The problems of profit-making: In such problems, the participants examined the
conditions for a job to be profitable. The problem titles used are as follows: “How many
passengers should be at least for gain”, “At least how many kilograms of bananas should

99 <¢

be produced to make money”, “Sun panel”, “Minimum advertising cost”.

* The problems of relationship between two quantities: The participants investigated the
mathematical relationship between two quantities in such problems. The problem titles
they used are as follows: “Relationship between distance and height”, “Relationship
between number of tourists and income”, “Relationship between population and time”,
“Weight loss”, “How much fuel is there in the fuel tank”.

3.2.2 Mathematical Modeling Skills Used

To be able to gather appropriate data, organize the data, to be able to write dependent and
independent variables, write constant values, convert the real problem to mathematical
problem, interpret the model in terms of real life, visualize the real situation mathematically
and use the needed mathematical concepts in the process of solution.

3.2.3 Mathematical Skills Used

In addition to the mathematical skills in 3.1.3, to be able to write algebraic expression, make
arithmetic operations with algebraic rational expressions, establish and solve Ist degree 1
unknown equation or inequality, write the most appropriate mathematical function regarding
the data (such as 2nd degree polynomial, exponential function), solve 2nd degree 1-variable
equation, establish proportion, use trigonometric ratios in the right triangle, use the basic
geometry knowledge.

3.3 Two Variable Mathematical Models (Level 2)
3.3.1 Problem Types

The categories created regarding the content of the 2-variable modelling problems are as
follows:

* The problems of which option is more economical: “stone block pavement or asphalt”,
“Carboy water or water purifier”, “4 season tire or winter and summer tire separately”,
99 ¢¢

“Making pomegranate sour at home or buying”, “Which fleet rental company”, “Bus or
car (for 4-year university term)”, “Rent or buy a fleet”.
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* The problems of profit-making: The problem titles used are as follows: “Minimum
advertising cost”, “3rd bridge: how many years to recover”, “Should he go to the remote
station for cheap fuel”, “At least how many years later does jacketing amortise itself”,
“How many tables and chairs must be produced to make the gain the most”, “How many
years later does a dishwasher amortise itself”, “At least how many students should live
that a dormitory make money”, “What types of components should be mixed into two
types of coffee to make maximum weekly earnings”, “Production of tahini-molasses at

minimum cost”, “when does a solar panel recover itself”’, “when does the capital recover
itself”.

3.3.2 Mathematical Modeling Skills Used

To be able to gather appropriate data, organize the data, to be able to write dependent and
independent variables, write constant values, convert the real problem to mathematical
problem, interpret the model in terms of real life, visualize the real situation mathematically
and use the needed mathematical concepts in the process of solution.

3.3.3 Mathematical Skills Used

In addition to the mathematical skills in 3.2.3, to be able to write 2 variable algebraic
expressions, establish 1st degree 2 unknown inequality, draw and interpret a graph of 1st
degree 2 unknown inequality, use special defined functions (such as absolute value, exact
value).

3.4 Multivariate Mathematical Models
3.4.1 Problem Types

The categories created regarding the content of the multivariate modelling problems are as
follows:

* The problems of which option is more economical: “Normal cigarette or electronic
cigarette”, “Homemade tomato paste production”.

* The problems of relationship between two quantities: “Relationship between packaging
and price”.

* The problems of profit-making: “Water vendor’s gain function”, “Cost function of diet”,
“Maximum profit”, “Saving the cost of jacketing”, “Production of cleaning materials to
meet the demand at minimum cost”, “Under what conditions buying a room thermostat
would be more economical”, “How many pieces of clothing should be produced per
week in order to make the most profit”, “profit-making status of a company giving the
driving license courses”, “Obtaining the most profit with minimum cost”, “Which foods

should be on the breakfast plate for a child with minimum cost”.
3.4.2 Mathematical Modeling Skills Used

To be able to gather appropriate data, organize the data, to be able to write dependent and
independent variables, write constant values, convert the real problem to mathematical
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problem, the needed mathematical concepts in the process of solution.
3.4.3 Mathematical Skills Used

To be able to do arithmetic operations in rational numbers, write algebraic expression, do
arithmetic operations with algebraic and rational expressions, write max three variable linear
inequality system (aim function),

4. Results

When looked at the models of mathematics teacher candidates; it was seen that 16% of them
had no variable (only arithmetic operations); 31% of them had 1-variable, 31% of them had
2-variable and 22% of them were multivariate.

The problems produced by the participants are presented categorically in the Table 2.

Table 2. The Themes of the Problems

Non-variable | 1-variable | 2-variable | Multivariate
The theme of the problem _ Total

Solutions Models Models Models
Profit-making 5 4 10 9 28
Which option is more profitable 5 5 8 3 21
Relationship between two quantities 5 1 6
Future prediction 4 4
Total 10 18 18 13 59

When the table is analyzed, it is seen that the problems of “Which option is more economical”
and “Profit elimination” are a common problem type in each category.

The results regarding mathematics topics and mathematical modelling abilities on the basis of
number of variables are shown generally in Table 3.
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Table 3. Mathematics topics and mathematical modelling abilities on the basis of number of
variables

Number of
Mathematics Topics Mathematical Modelling Abilities
Variables
0 Four operation in Q, distribution and column graph To collect appropriate data, organize the data
(Level 0+) 1st degree 1 unknown algebraic expressions
(Level 0+) to be able to write dependent and
and 4 operations, rational expressions, 1st degree 1
independent variables, write constant values,
unknown equation or inequality, basic knowledge of
visualize the real situation mathematically,
1 function such as 2nd degree polynomial, exponential
convert the real problem to mathematical
function and graph of them, solution of 2nd degree
problem, solve the mathematical problem,
1-variable equation, ratio-proportion, basic knowledge
interpret the model
of geometry and trigonometry in the right triangle
(Level 1+) 1st degree 2-variable algebraic expressions,
(Level 1+) to determine some restricts of the
2 Ist degree 2 unknown inequality and graph of it,
model
absolute value and exact value functions
Min 3 (Level 0+) 4 operations with algebraic and rational
in
expressions, linear inequality system

When the table is examined; mathematical modeling skills can be leveled as follows: Level-0
(Non-variable models), Level-1 (1-variable models), Level-2 (min 2-variable models). On the
other hand, it is seen that mathematical skills (math topics) are leveled as Level-0
(Non-variable models), Level-1 (1-variable models) and Level-2 (2-variable models). As
known, mathematical modeling skills include mathematical skills, so these two results should
be considered together. Therefore, on the basis of the findings of this research; mathematical
modeling skills are leveled as follows: Level-0 (Non-variable models), Level-1 (1-variable
models) and Level-2 (2-variable models).

When the solutions of the participants were examined; as the number of variables included in
the model increased from 0 to 2, it was seen that the mathematical subjects and mathematical
modelling skills used by the participants increased in the manner that cover the previous level.
Therefore, the number of variables in the model also shows the level of mathematical
modelling skill. However, considering that the models with 3 or more variables are generally
limited to writing a gain/aim function (inequality system with 1 degree); it cannot be said that
the mathematical subjects and mathematical modelling skills used in this category are more
than level 2. Therefore, it would be appropriate to evaluate this category within level 2. A
typical example of mathematical modelling using a minimum of 3 variables was presented
below:

The Company wants the total risk not to exceed 0.12 as per its investment policy. In addition,
the amount of profit he plans to make from this investment is at least 25,000 TL. In addition,
he wishes to buy at least 50,000 TL shares from the Company 3, which he thinks may
establish a partnership in the future. According to the above data, let’s create a model that will
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maximize the profit of the company.

X, = stock of the company 1 (HS))

X, =stock of the company 2 (HS,)

X; = stock of the company 3 (HS3)

X4 = stock of the company 4 (HS,)

Xs = stock of the company 5 (HS5)

Gain Function: Z= 0.23X; +0.16X, + 0.04X5 + 0.08X, + 0.28X;
Restrictions:

X+ X, + X5+ X, + X5 <250.000 (capital restriction)

X1.0,15 7 X2.0,12 + X3.0,03 + X4.0,05 T X5.0,18
X1+ X+ X3+ X4+ X5

Z= 0.23X, +0.16X;, + 0.04X; + 0.08X, + 0.28X5 > 25.000 (profit restriction)
X3>50.000 (restriction of the company 3)
X1, X5, X5, X4, X520

< 0.12 (risk restriction)

5. Discussion and Conclusion

The problems produced by the participants are thematically as follows: the problems of
profit-making, which option is more profitable, relationship between two quantities,
prediction of future. The mathematical topics involved in the solution of the mathematical
modelling problems are those: algebraic expressions, rational expressions, Ist degree
equations or inequality in 1 or 2 unknown, column or line graph, linear or exponential
function, 2nd degree polynomial, 2nd degree equation in 1 unknowmn, ratio-proportion,
trigonometric ratios in orthogonal triangle and Pythagorean relation. Mathematical modelling
skills used by the participants in the mathematical modelling process are as follows: to
distinguish between dependent and independent variables, to collect appropriate data, to
make assumptions, to write constant values, to use the mathematical concepts and operations
in the mathematical solution stage, to visualize the real situation mathematically or
geometrically, to interpret the model.

Another result obtained from the study is that as the number of variables included in the
model increased from 0 to 2, it was seen that the mathematical subjects and mathematical
modelling skills used by the participants increased in the manner that cover the previous level.
Therefore, it can be said that the number of variables in the model also shows the level of
mathematical modelling skills.

When considered the mathematics subjects that mathematics teacher candidates learned
during their education life; it was seen that the solutions they presented in the process of
mathematical modelling were the mathematical concepts and skills at most at high school
level (most of them are at the level of middle school). As known, in the process of traditional
teaching, students learn the mathematical concepts in a procedural way and do not learn how
to use mathematical concepts in which contexts. This result can be stemmed from this
situation.
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Another important point in this context is that 12% of pre-service mathematics teachers made
solutions by using only arithmetic operations without using variables (algebra). The fact that
pre-service mathematics teachers who should have acquired the subjects of the secondary
school curriculum such as variable, algebraic expression, equation, inequality were not be
able to use these concepts is also another finding. Similar findings were found in a study by
Ural (2020). If students are required to set mathematical modelling at a good level, the use of
mathematical concepts in real life problems should be emphasized, at least from middle
school.

Blum (1991) revealed a table regarding real-world examples and related mathematical topics
(Table 1). It was seen that the problems of “growth process™ and “price index” which are
among the real-life problems in this table, are also included in the current research.
Differently, in the current study, “profit-making” and “relationship between two quantities”
themed problems are included. In terms of mathematics topics; functions, algebra, geometry
and arithmetic were also included in the current research. Differently, in this study, the
subject of trigonometry was used in a few problems.

The duration, content and teaching method of mathematical modeling education, which was
given 1 hour a week, through one semester, is a significant limitation of the research as an
important factor of the mathematical modeling problems that students produced and the
modeling process they did. The content of the courses consisted of the book “Matematiksel
Modelleme Egitimi (Mathematical Modeling Education)” written by Ural (2018). Modeling
activities in the book require mathematical knowledge and skills at the secondary and high
school levels. Therefore, a change in these factors may affect obtaining different results.
Considering that the participants were senior students of the mathematics teaching
department and received sufficient mathematical modeling education; it can be stated that
there is no significant limitation for the participants. For future studies, at the end of a
longer-term mathematical modeling education required by higher mathematical knowledge
and skills, students may be asked to produce and solve mathematical modeling problems.
Thus, the types of problems produced and the mathematical skills may differ.
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