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Abstract

This paper examines the relationship among budget deficit, inflation rate and debt to GDP ratio
from the perspective of Functional Finance Theory and MMT (Modern Monetary Theory).
Using an overlapping generations model under monopolistic competition with bequest motive
of consumers, mainly we will show the following results.

« Under full employment with constant prices or inflation the debt to GDP ratio does not
change from a period to the next period

« The interest rate on government bonds should equal the nominal growth rate to achieve full
employment with constant prices or inflation under balanced budget excluding interest
payments on government bonds.

« The inflation rate we need to maintain full employment under balanced budget excluding
interest payments on government bonds is determined by the interest rate.

Keywords: debt to GDP ratio, overlapping generations model, Functional Finance Theory,
MMT
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1. Introduction

One of the most commonly used conditions for examining fiscal stability is the Domar
condition (Domar(1944), Yoshino, Miyamoto (2020)). The Domar condition compares the
interest rate with the economic growth rate under balanced budget (excluding interest payments
on the government bonds), and if the former is greater than the latter, public finance will
become unstable, and the government debt to GDP ratio will continue to grow. Yoshino,
Miyamoto(2020) try to modify the Domar condition by focusing not only on the supply side of
government bonds but also on the demand side, while keeping the idea of fiscal instability
indicated by the Domar condition. However, our interest is different from that.

Using an overlapping generations model under monopolistic competition according to
Otaki(2007, 2009, 2015) with bequest motive of consumers, we will present some results about
debt to GDP ratio and the Domar condition from the perspective of Functional Finance Theory
(Lerner(1943), Lerner(1944)) and MMT (Modern Money Theory or Modern Monetary Theory,
Kelton(2020), Mitchell, Wray, Watts(2019), Wray(2015)(note 1).

In the next section we argue main points of MMT. In Section 3 we present a model. In Section
4 we consider behaviors of consumers and firms. In Section 5 we will show the following main
results of this paper.

« (Proposition 1) (1) We need budget deficit (including interest payments on government
bonds) to maintain full employment when the economy grows at the positive rate by
technological progress under constant prices. (2) If the interest rate on the government bonds
is larger than the growth rate, the budget surplus (excluding interest payments) is necessary to
maintain full employment under constant prices.

« (Proposition 2) Under full employment with constant prices the debt to GDP ratio does not
change from a period to the next period.

« (Proposition 3) The interest rate on government bonds should equal the (real) growth rate to
achieve full employment with constant prices under balanced budget excluding interest
payments on government bonds.

« (Proposition 4) (1) If the budget deficit is larger than the level which is sufficient to maintain
full employment under constant prices, inflation is triggered. (2) If inflation occurs for one
period only, then the steady-state value of each variable multiplied by the inflation rate returns
the economy to growth under constant prices. (3) If inflation continues, then growth, including
price increases, continues under the values of variables that caused inflation multiplied by the
inflation rate.

« (Proposition 5) Under full employment with inflation the debt to GDP ratio does not change
from a period to the next period.

« (Proposition 6) (1) The interest rate on government bonds should equal the nominal growth
rate to achieve full employment with inflation under balanced budget excluding interest
payments on government bonds. (2) The inflation rate we need to maintain full employment is
determined by the interest rate.
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2. A Theoretical Basis to MMT

This paper is one of the attempts to give a theoretical basis to the so-called Functional Finance
Theory by Lerner (1943, 1944). It also presents a theoretical and mathematical foundation for
MMT. In particular, we provide a rationale for the following claims (Kelton (2020)). We refer
to the summary of Kelton’s book by Hogan (2021). In fact, Hogan argues that Kelton is wrong,
but he summarizes Kelton’s argument to the point.

« The treasury creates new money (or governments bonds).

The money supply (or supply of government bonds) equals the savings. Thus, an increase in
the money supply equals an increase in the savings. As expressed in the equation (6) in Section
5.2, an increase in the savings equals the budget deficit. The rate of an increase in the savings,
which equals the rate of an increase in the money supply, equals the rate of economic growth,
and therefore the budget deficit and an increase in the money supply in this case does not cause
inflation.

« Inflation is caused by federal government deficit spending, not by Fed policy.

If the actual budget deficit is larger than the budget deficit that is necessary and sufficient to
maintain full employment under economic growth, the prices of the goods will rise.

« Federal government spending is not related to taxes or borrowing.

As summarized above, sustained budget deficits are necessary to maintain full employment
under economic growth, and these budget deficits make it possible to maintain full employment.
It is impossible to maintain full employment in a growing economy with a balanced budget.
Therefore, even if the budget deficit to maintain full employment is financed by the national
debt, it does not need to be repaid or redeemed, and should not be repaid or redeemed. Future
budget surpluses need not and should not make up the deficit for growth.

3. The Model

We consider a two-periods (1: younger or working, and 2: older or retired) overlapping
generations (OLG) model under monopolistic competition. Our model is according to Otaki
(2007, 2009, 2015), and a generalization of Tanaka (2020) in which perfect competition is
assumed. The structure of our model is as follows.

« There is one factor of production, labor, and there is a continuum of perishable goods indexed
by z € [0,1]. Good z is monopolistically produced by firm z with increasing or decreasing
or constant returns to scale technology. The technology progresses at the rate y — 1 > 0.

« During Period 1, each consumer supplies labor, consumes the goods and saves asset and
income for his consumption and bequest in Period 2. He is employed or not employed. Savings
are made through government bonds that earn interest. More generally, savings can be thought
of as being made in terms of interest-bearing government bonds and non-interest-bearing
money with endogenously determined interest rate of government bonds, but the results of the
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analysis are similar.

« During Period 2, each consumer consumes the goods using his savings carried over from his
Period 1, and he leaves a bequest to the next generation. We assume that the bequest is spent
by the next generation consumers in their Period 1, that is, it is spent in Period 2 of the older
generation consumers. Therefore, the bequest is not a literal bequest but a gift from the older
generation to the younger generation, since it is not used after the death of the previous
generation consumers. The bequest is equally distributed to each consumer.

« Each consumer determines his consumptions and bequest in Periods 1 and 2 and the labor
supply at the beginning of Period 1 depending on the situation that he is employed or not
employed.

We use the following notation.

C?: consumption basket of an employed consumer in Period i, i = 1,2.

B¢: Bequest by an employed consumer.

C}*: consumption basket of an unemployed consumer in Period i, i = 1,2.
B": Bequest by an unemployed consumer.

¢ (z): consumption of good z of an employed consumer in Period i, i = 1,2.
¢/ (z): consumption of good z of an unemployed consumer in Period i, i = 1,2.
P;: the price of consumption basket in Period i, i = 1,2.

p;(z): the price of good z in Period i, i = 1,2.

p = P,/P; : (expected) inflation rate (plus one).

W nominal wage rate.

[1: profits of firms which are equally distributed to each consumer.

r: interest rate of government bonds.

[: labor supply of an individual.

['(1): disutility function of labor, which is increasing and convex.

L: employment.

Ly: population of labor or employment in the full employment state.

y: labor productivity, which increases by technological progress. It is increasing or constant or
decreasing with respect to “employment X labor supply” LI.

y — 1:economic growth rate,y > 1.

We assume that the population Lf is constant.

We denote a bequest to each consumer by consumers of the previous generation by B. We
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have

B

1 ~ ~ ~ ~ ~
P [LB® + (Lf — L)B¥], L;B = LB® + (L; — L)B™
B¢ and BY are, respectively, bequests by an employed consumer and an unemployed

consumer of the previous generation.

4. Behaviors of Agents
4.1 Consumers’ Behavior

First we consider utility maximization of consumers. The utility function of employed
consumers of one generation over two periods is written as

w(Ce, cs, %y — (D).
P,
The utility function of unemployed consumers is
w(CH, c, 2,
P,

We assume that u(:,-,-) is a homothetic function. The consumption baskets of employed and
unemployed consumers in Period i are

ag

o—1 O'T
ct=(ly cc@edz) " i=12,

and

g

o—-1 (TT
¢t = (ly @7 dz) " i=12

o is the elasticity of substitution among the goods. o > 1. The price of consumption basket
in Period i is defined by

1

P, = ( N pi(z)l‘“dz)m,i =1,2.

The budget constraint for an employed consumer is
1 e 1 1 e 1 e -
Jo P1(@)cf(2)dz + mfo p2(2)c3(2)dz + —B® =WI+T+ (1+1)B.
The budget constraint for an unemployed consumer is
1 1 (1 1 =
J, 1@t (2)dz + 1—+rf0 p2(2)cz (2)dz + —B" =T+ (1+1)B.

Let
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a = PiCf g = T 262 l—a—B= TarD
P CE+——P,cE¢+——BE’ Py CE+——P,C§+——Be’ PiC§+——P,C§+B¢’

1+r 1+7r

0<a<1 0<pf<1. Since the utility functions u(Cy, Cze,l;—e) and u(C{, C3, %u) are
2 2

homothetic, @« and [ are determined by the prices, and do not depend on the income of the
consumers. Therefore, we have

o = PiCY _ P Ct
- e, 1 p el 1 pe ™ uy 1t pruy 1 opy’
Py CE+——PyCE+——B  PiCY4+——P)C}'+ B
1 b5 e 1 pcu
p = 1170262 — 2%
- e. 1 p el 1 pe ™ uy 1 poouy 1oyt
PiCf+ =Py C5+—B PyCY 4+ =Py CH+——B
and
B¢ BY%
l—-a—-p= =

(1+7)P1CE+P,CE+BE  (1+71)P1Ci+P,CY+BY

From standard calculations we obtain the following demand functions for consumption baskets
and bequests (please see Appendix).

WI+T+(1+7)B WIi+I+(1+r)B  BS WIi+I+(1+7)B

e __ e __ 2

Cl_a—P 'Cz—ﬁ—1p ;P——(l—a—ﬁ)—1p )
1 147 2 2 147 2
n+(1+r)B n+(1+r)B B* O+(1+7r)B

u — u _— —
C1—a—1D 'CZ_B—lp ;P_—(l—a_ﬁ) T,
1 1471 2 2 147 2

Also the following demand functions for good z of employed and unemployed consumers are
derived .

ern _ (P12 7 aWi+I+(1+1)B)
() = (22) .

)

p2(2)\ "% BWI+I+(1+71)B)
cs(2) = (22)

1
P —P.
2 1+r 2

)

)

u _ (p1(@\ % a(ll+(1+7)B)
cr'(z) = ( Py ) Py

and

e i
i(z) = (227 LD

1
P. —0P.
2 147 2

From these analyses we obtain the indirect utility functions of employed and unemployed
consumers as follows:
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Ve =u <a WI+I+(1+7)B B Wl+l'[1+(1+r)B (1—a—-p) WI+ES+T)B> —T(),

P1 —P2

1+7 147 2
and
V% =y (d H+(;+T)B ,ﬁ l'[+(11+r)B , (1 —a— ﬁ) Wl+1'[1+(1+r)B>.
1 T2 12
Let
_w
w= P
This is the real wage rate. Then, we can write
ve =<p( l+w p,1+r)—F(l),
u +(1+7)B
V¥ = (—P1 0,1 +r),
Denote
I = ol + M+(1+7)B

1

The condition for maximization of V¢ with respectto [ given p is

a
a‘fw r'() =0, (1)

where

o = %o+ B () + - =B () 5

o(z,)

Given P;, p and r the labor supply is a function of w. From (1) we get

dp 029
ar ﬁ"'_alz wl

dw F’I(l)—wa)z

If % > ()0, the labor supply is increasing (decreasing) with respect to the real wage rate w.

But, we assume that the real wage rate does not have a significant effect on the individual labor
supply. [ may depend on employment L in some way. However, we assume that Ll is
increasing with respect to L.
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4.2 Firms’ Behavior
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Let d;(z) be the total demand for good z by younger generation consumers in Period 1.
Then,

(112 O a(WLI+LfTI+Lf(1+7)B) _ (pl(z) O a(WLI+LfTI+Lg(1+7)B)
d(2) _( P, ) Py “\p ) ) '

This is the sum of the demand of employed and unemployed consumers. Similarly, their total
demand for good z in Period 2 is written as

P2(2)\ "% BWLI+LfII+Lf(147)B)
dy(2) = (222) i

1
P. —P.
2 147 2

Let d,(z) be the demand for good z by the older generation. Then,

)

- o e = _
d,(2) = (pl(Z)) BW LI+LsT+Ls(1+7)B)

T
p 1
1 rpweel

where W, I, L, 1 and E are the nominal wage rate, the profits of firms, the employment,

the individual labor supply, the bequest from one more generation before, respectively, during
the previous period. In the equilibrium all p;(z) are equal, and all p,(z) are equal.

Let
M=p (W LI+ L+ Le(1 +r)§).
The total consumption of the older generation consumers is
A +7)M = +7) (W LT+ LT+ Le(1 +7)B)
It is the planned consumption that is determined in their Period 1. Their demand for good z is

) p1(2)\ % M . ol )
written as (==) - The total savings (with interest) is
1 1

A —a)(A+7) (W LT+ LT+ L, (1 +7)B)

Government expenditure constitutes the national income as well as the consumptions of the
younger and older generations. Then, the total demand for good z is written as

dz) = (22) " L, @

Py Py

where Y is the effective demand defined by

Y=a(WLl+ L+ L(1+7)B)+ G+ (1+1)M.
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G is the government expenditure. The government determines its demand for good z, g(z),
to maximize the following index.

g

1 g1 o-1
(fy 9@ = dz)™,
subject to the constraint:
1
Jy 1(2)g(2)dz = G.

Let L and LI be employment and the “employment X labor supply” of firm z. The total
employment and the total “employment X labor supply” are

1 1
Jo Ldz=1, [, Lldz = LL

The output of firm z is Lly. By increasing or constant or decreasing returns to scale y is a
function of LL. In the equilibrium Lly = d(z). Then, we have

94E) _ y 4 Lly'(LD).

ALl
In a case of constant returns to scale
dd(z) _
ALl
From (2)
Wi(2) _ _ @
9d(2) od(z)’
Thus
Ip1(2) _ @+ AD] __ pi@) [ Lly'(Ll)]
Ll od(z) oLl y I

Define the elasticity of the labor productivity by

__ Llyr(LD)
(==
Then,
Op1(2) _ _ p1(2)(A+0)
oLl oLl

We assume that ¢ is constant and 1+ ¢ > 0. For increasing (or decreasing) returns to scale
technology ¢ > 0 (or (¢ < 0)).

The profit of firm z is
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n(z) = p1(z)Lly — LIW.
The condition for profit maximization is

O~ [p@y - Wy 22| 1+ 0 - W = @y - 2221+ -w =o.

Therefore, we obtain

p:1(2) = WW

1+y

Let u =1/0. Then,

1
P(?) = Toaroy

This means that the real wage rate is
w=1-wA+y.
Since all firms are symmetric,

1

Pr=012) = ooy

5. Budget Deficit and Debt to GDP Ratio
5.1 Market Equilibrium
The (nominal) aggregate supply of the goods is equal to
WL + LeIT = Py Lly.

The (nominal) aggregate demand is
a(WL+ LI+ L;(1+1)B)+ G+ (1 +r)=aPLly+al;(1+7r)B+G+ (1+7r)M.

Since they are equal,

PiLly = aP,Lly + aL;(1+1)B+ G+ (1 + r)M. (3)
In real terms
Lly _ G+(1+1)M+aLs(1+1)B
(1-a)Py

The equilibrium value of Ll cannot be larger than LeI(Lf). I(Lf) is the labor supply when
full employment is achieved. However, LI may be strictly smaller than L¢I(Ls). Then, we
have L < Ly and involuntary unemployment exists. If the government collects a tax T from
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the younger generation consumers, (3) is rewritten as
PiLly = a(PLly + L;(14+7r)B—T) + G + M.

5.2 Budget Deficit to Maintain Full Employment

Suppose that up to Period t full employment has been achieved under constant prices. Then,
the following equation holds.

PILel(Lp)y = a(PfLel(Lp)y + Li(1 +1)B" 1 =TH + G* + (1 + )Mt L. 4)

Superscript t represents the values in Period t. M~ is the savings, and B!~! is the
bequest of the previous generation consumers. The savings of the younger generation
consumers is

Mt + LBt = (1 — ) (PfLsI(Ly)y + Lp(1 + )BT — TY) (5)

=G'+L(1+rB" =T+ (1 + )M
Their consumptions in their Period 2 and the bequests are, respectively,

B+ 7r)(P{LA(Ly)y + Le(1 +1)B* —TY)

- 15%(1 +1)[GE+ L1+ 7)B =T+ (1 + )M,

and
A—a—-B)A+r)(P{LAL)y +Le(1+1)B"1 =T

_1 — — ~
! i a - A+n[C +L(A+7r)B =T+ (1 + )M,

In order to maintain full employment under growth by technological progress (5) must be equal
to y(M** + L;B*"). Therefore, we obtain
G' =Tl =@ —1-r)(M"+ LB,
or
Gr =T +r(M" + LeB" Y = (y — DM + L BT ). (6)

The left hand-side is the budget deficit including interest payments on government bonds. Since

M'1 + LBt s positive, GE =T +r(M*t 4+ L:B*") > 0 when y > 1. In Period t +
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1 Mt =yM! 1 Bt =yB' ! and we can assume G'™! =yG¢ and T¢*! = yTt. Thus, with
P! = Pt we obtain
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PiLel(Lp)yy = a(PiLel(Lp)yy —vT' +yLs(1 + B +yGt +y(1 + r)ME 1,

This is equivalent to (4), and full employment is maintained by G!*! = yG* and T**! = yTt,

Budget deficit is necessary under growth because of deficiency of the savings of the older
generation. (6) means that an increase in the savings from Period t to the next period equals
the budget deficit including interest payments on government bonds. (6) does not holds when
the left-hand side is zero or negative, that is, under budget surplus or balanced budget including
interest payments full employment is not realized in a growing economy with constant prices.
However, if r > y — 1, that is the interest rate on government bonds is larger than the growth
rate, we need budget surplus (G — T* < 0) excluding interest payments. Summarizing the
results.

Proposition 1 (1) We need budget deficit (including interest payments on government bonds)
to maintain full employment when the economy grows at the positive rate by technological
progress under constant prices. (2) If the interest rate on the government bonds is larger than
the growth rate, the budget surplus excluding interest payments is necessary to maintain full
employment under constant prices.

5.3 Debt to GDP Ratio under Full Employment with Constant Prices

M'+LgB"

The debt to GDP ratio in Period t is . In which the debt at the end of Period t is

1LLy
M + L¢B®.

From

M' + LBt = y(M*™ + LB'™Y),

we have
M+ LBY M+ LB
PLly PiLly
14
PlLly

is GDP in Period t — 1. Therefore, the debt to GDP ratio does not change if full
employment is achieved under constant prices.

Proposition 2 Under full employment with constant prices the debt to GDP ratio does not
change from a period to the next period.

Domar condition
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The so-called Domar condition (Domar(1944)) says that if the interest rate on the government
bonds is larger than the growth rate under balanced budget excluding interest payments (so-
called primary balance), the debt to GDP ratio diverges to infinity. From (6), if G = T¢, we
have

r=y—1 (7)

This means that the interest rate should be equal the growth rate under full employment with
constant prices. If the interest rate is larger than the (real) growth rate, that is r >y — 1, the
prices cannot be constant. Please see Section 5.6. On the other hand, if the interest rate is
smaller than the (real) growth rate, that is, r <y — 1, aggregate demand is insufficient, and
recession will occur. Summarizing the results,

Proposition 3 The interest rate on government bonds should equal the (real) growth rate to
achieve full employment with constant prices under balanced budget excluding interest
payments on government bonds.

5.5 Excessive Budget Deficit and Inflation

Suppose that up to Period ¢t — 1 full employment has been achieved under constant prices, but
the government expenditure and/or the tax in Period t may be different from their steady state
values. The steady state is a state such that full employment is continuously maintained under
constant prices. Denote them by G! and T*. We denote also the actual price by Pf. Then, the
following equation holds.

PILA(Ly)y = a(PfLA(Ly)y + Li(1 +7)B" =T + G+ (1 + )M (8)
The savings of the younger generation consumers is
M'+ LB = (1 — a)(PELA(Ly)y + Le(1 +1)B = TY) (9)
=G'+L(1+7r)B =T+ (1 + )M,
Their consumptions in their Period 2 and the bequests are, respectively,

1+ r)(ﬁfol(Lf)y + Le(1+ Bt - T

- 1 f a 1+ r)(ét + Lf(l + T')Et_l —Tt 4+ 1+ T')Mt_l),
and
(1 —a—B)(A+r)(PILA(Ly)y + LB = TF)
l—a-p AL L a »
= A+ DG + LA+ DB =T+ L+ )M,
Let
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_ A
p= P > 1.
If in Period t + 1 full employment is maintained with P{*! = P! > Pf, (9) must be equal to
yp(M*™t + L B*™1). Thus,
G'—Tt=(p—1-r) (M + LBtY),

or

GE=T +r(M" + LB = (yp — (M + LsB'Y). (10)
Then, from (6)

G' =T +r(M" + LB ) = (yp — DM+ LB7 Y > (y — (M + LB )

=G' =T +r(M"™ + LB Y).

This means
(- DpM*" 4+ LB =G T - (G* - T"),
or
_ _ Gt—Tt_(Gt—Tt)
p oy (MU1+LeBY) > 0.

. PN ~ . . pt
Therefore, excessive budget deficit, Gt — Tt — (Gt — T*), causes inflation at the rate of F
1

In Period t+ 1, Mt =ypMt, B"*' =ypBt, and we can assume G!*! =7ypGt and
Tt = ypTt. Thus, with P{*! = P} we obtain

PILA(Ly)yy = a(PELA(Ly)yy + ¥pLr (1L + 7)B —ypT") + ypGt +yp(1 + r)M2.

Since P} = pPf, this is equivalent to (4), and full employment is maintained by G'*! = ypG*
and T'*1 = ypTt. In this case, inflation occurs for one period only, and the steady-state value
of each variable multiplied by the inflation rate returns the economy to growth under constant

prices.

On the other hand, suppose that in Period t + 1 Pf*! = pr, that is, inflation continues. Then,
the following equation holds.

PiLAL(L)ypy = a(P{LL(Lp)ypy +ypLe(1 +1)B™ —ypT") + ypGt +yp(1 + r)M*2,

63 http://rae.macrothink.org



ISSN 1948-5433

\ M ac roth i “k Research in Applied Economics
A Institute ™ 2022, Vol. 14, No. 1

This is equivalent to (8), and full employment is maintained . In this case, inflation continues
and growth, including price increases, continues under the value of the variables that caused
inflation multiplied by the inflation rate.

Summarizing the results.

Proposition 4 (1) If the budget deficit is larger than the level which is sufficient to maintain
full employment under constant prices, inflation is triggered. (2) If inflation occurs for one
period only, then the steady-state value of each variable multiplied by the inflation rate returns
the economy to growth under constant prices. (3) If inflation continues, then growth, including
price increases, continues under the values of variables that caused inflation multiplied by the
inflation rate.

5.6 Debt to GDP Ratio under Full Employment when Inflation Continues, and the Domar
Condition

M4BT

The debt to GDP ratio in Period t is
PlLly

.From M'+ LB* = yp(M*™ + L;B"™),

we have

M+ LB* M+ LB
PLly P,Lly
Yp

Therefore, the debt to GDP ratio does not change if full employment is maintained under
inflation. This relation holds in both the one period inflation case and the continued inflation
case.

Proposition 5 Under full employment with inflation the debt to GDP ratio does not change
from a period to the next period.

Domar condition
From (10), if Gt = T*t, we have
r=y{—1. (11)

y{ — 1 is the nominal growth rate. This equation means that the interest rate should equal the
nominal growth rate under full employment with inflation. In (11) the values of r and y are
given. Thus, this determines the value of (, that is, the interest rate with the real growth rate
determines the value of inflation rate which we need to maintain full employment. From (11)
we have

147
¢=—

Therefore, we need inflation to maintain full employment if the interest rate is larger than the

real growth rate y — 1. The value of the inflation rate is determined by the interest rate given

the real growth rate. Summarizing the results,
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Proposition 6 (1) The interest rate on government bonds should equal the nominal growth rate
to achieve full employment with inflation under balanced budget excluding interest payments
on government bonds. (2) The inflation rate we need to maintain full employment under
balanced budget excluding interest payments on government bonds is determined by the
interest rate.

6. Concluding Remark

Using an overlapping generations model under monopolistic competition with bequest motive
of consumers we have examined the relationship among budget deficit, inflation rate and debt
to GDP ratio from the perspective of Functional Finance Theory and MMT. The main results
are as follows.

« Under full employment with constant prices or inflation the debt to GDP ratio does not change
from a period to the next period.

« The interest rate on government bonds should equal the nominal growth rate to achieve full
employment with inflation or constant prices under balanced budget excluding interest
payments on government bonds.

« The inflation rate we need to maintain full employment under balanced budget excluding
interest payments on government bonds is determined by the interest rate.

In this paper, the real economic growth rate was assumed to be exogenous, but in the future,
we would like to endogenize the growth rate and deal with cases in which fiscal policy affects
the growth rate.

Appendix

The consumption baskets and their prices are

e (fol f (Z)%ﬂdz)ﬁ, (z = (fol cs (z)%le)ﬁ,

Gl = (fol c{‘(z)GT_ldz);, cl = ( fol cu (Z)%l dz)a'
1

_ 1-0 1-o
Pl—(fo py(2) dz) ,

1

— 1-0 e
P, = (J;) p2(2) dz) )
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The budget constraint for an employed consumer is
1 1 1 1 o
Jy 1(@)ci(2)dz + 1—+Tf0 p2(2)c5(2)dz + —B® = Wl +TI+(1 +1)B.
The budget constraint for an unemployed consumer is
f p1(2)c¥(z)dz + —f D, (2)c¥(2)dz + —B” = II+(1 + r)B.
The Lagrange functions for them are
Be 1 1
Le=u (Cf, c;,P—Z) -y (foq p1(2)cf (2)dz + — [ p,(2)c§ (2)dz + ——B® — Wl — T -
1+ r)ié),
and
BY 1 1
LY =y (C{‘, C”,g) -2 (foq p1(2)c¥(2)dz + Efoq p2(2)c3 (2)dz + —B* — 11 -
(1+7)B).

We consider utility maximization for an employed consumer. The first order conditions about
consumptions are

aucce.cs B —= 1
”;#(f (@7 dz) f(2)77 — ps(2) = O, (A1)
and
ou(cf.cs L 1
a—”Z(f 5@ 7 dz) @ - A @ =0 (A2)

From them we obtain

e 1
du(Cs,C5 o)

2 1 g1 o-1 1 e o-1 1 e
ace (fo €1 (Z) i dZ) fO Cq (Z) odz—A fO D1 (Z)Cl (Z)dZ = O,
and

ou(cs, C2 ouC1.C25)

(f O dz) INCAG K dz—/l—f p,(2)cs(2)dz = 0.

Then, we get
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au(ce,ce,B—e)
— 2 CE = A, pu(2)cf(2)dz = 0, (A3)
1
and
au(cf'cze'B—e) 1 1
a—cf”zc; — A= [, p2(D)cs(z)dz = 0. (A.4)

On the other hand, from (A.1) and (A.2) we have

ex\ 1—0
ou(cf Cim; 1 o1 N7 g o-1 1 _
( (6cf P2>) (fo ci(z) dZ) fo cf(z) e dz -2 Ufo p1(2)*~%dz = 0,
and

ou(ct s (I @ dz) [F es@Fdz -2 (L) [ p,odz =0
acze o €2 o €2 0 b2 .

1-0
1+r

Thus, we obtain

e
ou(ct.c5 ) -

acg A (fol pl(z)l_adZ)m =0,

and

B¢ 1
au(cf,cze,g)

s Ay (J p@'0dz) " =0,

1+r
They are written as

e ~eB® e ~e B¢
au(cpcz'g) au(Cl,Cz,E) 1

= 1—P,. (A.5)

ace B ace 147

Further, from (A.3) and (A.4) we get
1 1
PiCE = [) p1(2)cf (2)dz, PoC5 = [ pa(2)cs(2)dz.
By the budget constraint

PiCE +——P,C§ + B¢ = Wi+ TI+(1 +7)B. (A.6)

. . . D B¢
The equations in (A.5) are the conditions for maximization of u(Cf,Cze,P—) about
2
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C{ and C5 subject to (A.6). The condition for maximization of u(Cf,Cze,i—e) about the
2

bequest is
L OMCEET) 1
P, 9B T 14r
This means
Be
u(Ct ) 1
=A P,.
dBe 1+7r 2

_ . B¢
We can show similar results for an unemployed consumer. Since u(Cf, Cf,P—) and
2
BY .
u(Cci, cy, P—) are homothetic,
2

o = 1% ,B _ P Cs
PLC{+——P,C§+——Be’ Py C{+——PyCS+——B®

are determined by the prices, and do not depend on the income of consumers. Therefore,

_ P, CY _ P, CY
R N U wr T pour L pu
PiC{+ 157 PoCE + 15585 (L+DPCH + 5= PCi+ 1558
1 1
. 1+1‘PZC2 _ 1+1‘PZC2
'B_PCe 1 pP,C; + LBe_PC“ 1 P,C3+ LB”
1l T 1375 1+r 1br 1377 1+7r
hold. Also we have
1 e 1 u
l—a—fB= 1+rB _ 1+rB
1 1 1 1
P, CY + 57 pP,C5 + —1+rBe P, CH + 7 P2C§y+1+ Bu

From these analyses we obtain the demand functions for consumption baskets as follows.

Cle — a’(Wl+l'[I;|-(1+7')B), Cze — ﬁ(Wl+l}+(1+T')B) (A7)
1 T2
and
Cf:M, cY _w (A.8)
Py —P2

1+7r

Also we have
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WIi+I+(1+r)B BY¥ +(1+7r)B
= (1—a—p¥HEEDE 2 o (1 - — ) TS
1+r 2 2 1+r 2

or

=(1-a—-BWIl+T+ 1A +71)B), B¥=1—a—-B)I1+ (1+71)B).

From (A.1), (A.2), (A.5)
P (Jy @ dz) " 5@~ pu(2) = 0.

1

Pz(f Cz(Z) o dZ) ” c;(2)” "—_pz( ) =0.

This means

< (1! cf(z)aT_ldz)_E C£(2) — i (2)=7 =0,

g

() 57 dz) T @) = pa(@) =0,

1+r

Thus, we have
Pr° g cf (@) =1 () =0,
and

P37 = c5(2) = T=p2(2) 7 = 0.

1+7r

From them and (A.7) we get the demand function for good z as follows.

ern _ (P17 aWi+I+(1+1)B)
Cl (Z) ( Py ) Py ’

D2(2) c’ﬁ(wz+n+(1+r)19)
s = (22)

p 1
2 1+rP2

Similarly, for an unemployed consumer by (A.8)

p1(@)) "7 a(l+(1+r)B)
) =(B2)

9

and
N 7B+ (1 B
ct = (P2) AT+ A+ 0B)
i T+r'2
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are obtained. In the equilibrium all p;(z) are equal, and all p,(z) are equal.
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Note 1. Japanese references of MMT are Mochizuki(2020), Morinaga(2020), Nakano(2020),
Park(2020), Shimakura(2019).
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